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MAXIMAL TOTALLY GEODESIC SUBMANIFOLDS
AND INDEX OF SYMMETRIC SPACES

JURGEN BERNDT AND CARLOS OLMOS

ABSTRACT. Let M be an irreducible Riemannian symmetric space. The index
i(M) of M is the minimal codimension of a totally geodesic submanifold of M.
In [1I] we proved that i(M) is bounded from below by the rank rk(M) of M,
that is, rk(M) < 4(M). In this paper we classify all irreducible Riemannian
symmetric spaces M for which the equality holds, that is, rk(M) = i(M).
In this context we also obtain an explicit classification of all non-semisimple
maximal totally geodesic submanifolds in irreducible Riemannian symmetric
spaces of noncompact type and show that they are closely related to irreducible
symmetric R-spaces. We also determine the index of some symmetric spaces
and classify the irreducible Riemannian symmetric spaces of noncompact type
with i«(M) € {4,5,6}.

1. INTRODUCTION

Let M be a connected Riemannian manifold and denote by S the set of all
connected totally geodesic submanifolds ¥ of M with dim(X¥) < dim(M). The
index (M) of M is defined by

(M) = min{dim(M) — dim(2) | ¥ € §} = min{codim(X) | ¥ € S}.

This notion was introduced by Onishchik in [I3] who also classified the irreducible
simply connected Riemannian symmetric spaces M with i(M) < 2.

In [I] we investigated i(M) for irreducible Riemannian symmetric spaces M.
We proved that the rank rk(M) of M is always less or equal than the index of M
and classified all irreducible Riemannian symmetric spaces M with i(M) < 3. The
motivation for this paper was to understand better the equality case rk(M) = i(M).
The main result of this paper is the classification of all irreducible Riemannian
symmetric spaces M with rk(M) = i(M).

Theorem 1.1. Let M be an irreducible Riemannian symmetric space of moncom-
pact type. The equality tk(M) = (M) holds if and only if M is isometric to one of
the following symmetric spaces:

(1) SLT+1(R)/SOT+1, T Z 1,‘

(i) SO7, 1 1/S0rSOri, 7> 1, k>0, (r,k) € {(1,0),(2,0)}.

Duality between Riemannian symmetric spaces of noncompact type and of compact
type preserves totally geodesic submanifolds, and if M is an irreducible Riemannian
symmetric space of compact type and M is its Riemannian universal covering space
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(which is also a Riemannian symmetric space of compact type), then i(M) = i(M).
Therefore Theorem leads, via duality and covering maps, to the classification
of irreducible Riemannian symmetric spaces of compact type with rk(M) = i(M).

In order to compute the index explicitly we need to have a good understanding
of maximal totally geodesic submanifolds. Every maximal totally geodesic sub-
manifold ¥ in an irreducible Riemannian symmetric space M of noncompact type
is either semisimple or non-semisimple. As part of our investigation we obtain an
explicit classification for the non-semisimple case and a conceptual characterization
of such submanifolds in terms of symmetric R-spaces. Denote by r the rank of M
and write M = G/K, where G is the connected identity component of the isometry
group I(M) of M and K = G, is the isotropy group of G at p € M. Consider
a set of simple roots A = {a1,...,a,} of a restricted root space decomposition
of the Lie algebra g of G and denote by 6 = d1a1 + ... + 0., the highest root.
Let g; be the parabolic subalgebra of g which is determined by the root subsystem
®;, = A\ {a;} and consider the Chevalley decomposition g; = [; ®n; of q; into a re-
ductive subalgebra [; and a nilpotent subalgebra n;. Let L; be the connected closed
subgroup of G with Lie algebra [; and denote by F; the orbit of L; containing p.
Then F; is a non-semisimple totally geodesic submanifold of M which decomposes
into F; = R x B;, where B; is a semisimple Riemannian symmetric space of non-
compact type. The classification and characterization of non-semisimple maximal
totally geodesic submanifolds in M is as follows:

Theorem 1.2. Let M = G/K be an irreducible Riemannian symmetric space of
noncompact type and let X be a non-semisimple connected complete totally geodesic
submanifold of M. Then the following statements are equivalent:

(i) X is a mazimal totally geodesic submanifold of M ;
(ii) X is isometrically congruent to F; =R x B; and §; = 1;
(iii) The normal space v,X of ¥ at p is the tangent space of a symmetric R-space
in T,M;
(iv) The pair (M,X) is as in Table[3]

An R-space is a real flag manifold and a symmetric R-space is a real flag manifold
which is also a symmetric space. R-spaces are projective varieties and symmetric
R-spaces were classified and investigated by Kobayashi and Nagano in [9]. They
arise as certain orbits of the isotropy representation of semisimple Riemannian
symmetric spaces.

This paper is organized as follows. In Section [2] we summarize basic material
about Riemannian symmetric spaces of noncompact type, their restricted root space
decompositions and Dynkin diagrams, parabolic subalgebras, and their boundary
components with respect to the maximal Satake compactification.

In Section [3| we obtain some sufficient criteria for totally geodesic submanifolds
in Riemannian symmetric spaces of noncompact type to be reflective. As is well-
known, totally geodesic submanifold are in one-to-one correspondence with Lie
triple system. If the orthogonal complement of a Lie triple system is also a Lie
triple system, then the Lie triple system and the corresponding totally geodesic
submanifold are said to be reflective. Geometrically, reflective submanifolds arise
as connected components of fixed point sets of isometric involutions. Reflective sub-
manifolds in irreducible simply connected Riemannian symmetric spaces of compact
type were classified by Leung in [10] and [II]. The concept of reflectivity turns out
to be very useful in our context. One of our main criteria is Proposition [3.4] which
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states that if the kernel of the slice representation of a semisimple totally geodesic
submanifold ¥ in an irreducible Riemannian symmetric space of noncompact type
has positive dimension, then X is reflective. This criterion then provides a lower
bound for the codimension of 3 which we will use in index calculations.

In Section [4] we will prove Theorem The first step is to show that any
non-semisimple maximal totally geodesic submanifold in M is congruent to one of
the orbits F; introduced above. The coefficient d; of «; in the highest root ¢ then
plays a crucial role for the next step. If §; > 2, we construct explicitly a larger Lie
triple system containing the Lie triple system corresponding to F;. The situation
for 97 = 1 is much more involved. With delicate arguments using Killing fields,
Jacobi fields, reflections and transvections we can show that F; is maximal when
d; = 1. As an application of Theorem [I.2] we obtain that every maximal totally
geodesic submanifold of an irreducible Riemannian symmetric space of noncompact
type whose root system is of type (BC,), (Es), (Fi) or (G2) must be semisimple.
Another application states that every non-semisimple maximal totally geodesic sub-
manifold of an irreducible Riemannian symmetric space of noncompact type must
be reflective. As a third application we obtain that the index of SL,1(R)/SO; 41
is equal to its rank r.

In Section[5] we prove that the two classes of symmetric spaces listed in Theorem
satisfy the equality rk(M) = i(M). For this we explicitly construct totally
geodesic submanifolds ¥ of M with codim(X) = rk(M) using standard algebraic
theory of symmetric spaces.

In Section [6] we prove Theorem|[I.I] A crucial step is Proposition[6.2] which states
that if M satisfies the equality rk(M) = i(M), then every irreducible boundary
component B of the maximal Satake compactification of M satisfies rk(B) = i(B).
As an application we obtain that with the possible exception of E§/Sps, ET/SUs
and E§/SO16 there are no other irreducible Riemannian symmetric spaces M of
noncompact type with rk(M) = ¢(M) than those discussed in Section [5} The ex-
ceptional symmetric space E¢/Sps has the interesting property that each of its
irreducible boundary components B satisfies rk(B) = i(B). In order to come to
a conclusion for this exceptional symmetric space we developed the criteria about
reflective submanifolds in Section [3| Using these criteria we can show that ES/Spy
does not satisfy the equality rk(M) = i(M). Since ES/Sps arises as a bound-
ary component of EY/SUg and of E§/SO1s we can then conclude that these two
symmetric spaces do not satisfy the equality rk(M) = i(M) either.

In Section [7] we apply some of the results in Sections [3] and [ to calculate ex-
plicitly the index of some other symmetric spaces. We also classify the irreducible
Riemannian symmetric spaces of noncompact type with i(M) € {4,5,6}.

2. RIEMANNIAN SYMMETRIC SPACES OF NONCOMPACT TYPE

We assume that the reader is familiar with the general theory of Riemannian
symmetric spaces as in [4] and summarize below some basic facts and notations
which are used in this paper.

Let M = G/K be an irreducible Riemannian symmetric space of noncompact
type, where G = I°(M) is the connected component of the isometry group I(M) of
M containing the identity transformation, p € M and K = G, is the isotropy group
of G at p. Then G is a noncompact real semisimple Lie group and K is a maximal
compact subgroup of G. Let g = £® p be the corresponding Cartan decomposition
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of g and denote by € the corresponding Cartan involution on g. Let B be the Killing
form of g. Then (X,Y) = —B(X,0Y) is a positive definite inner product on g. The
vector space p can be identified canonically with the tangent space T, M of M a p.
Since the Riemannian metric on M is unique up to homothety, we can assume that
the Riemannian metric on M coincides with the G-invariant Riemannian metric
induced by (-, ).

We denote by r = rk(M) the rank of M. Let a be a maximal abelian subspace
of p and denote by a* the dual space of a. Note that dim(a) = r. For each o € a*
we define go = {X € g | [H,X] = a(H)X for all H € a}. If o # 0 and g, # {0},
then « is a restricted root and g, a restricted root space of g with respect to a. The
positive integer m,, = dim(g,) is called the multiplicity of the root «. We denote
by WU the set of restricted roots with respect to a. The direct sum decomposition

9=00® (@%)

acV¥

is the restricted root space decomposition of g with respect to a. The eigenspace
go decomposes into go = £y © a, where &g = Z¢(a) is the centralizer of a in £.

Let {a1,...,a,} = A C ¥ be a set of simple roots of ¥. We denote by
H' ... ,H" € a the dual basis of ay,...,a, € a* defined by «;(H’) = §;; for
all 4,7 € {1,...,7}, where ¢;; = 0 for i # j and J;; = 1 for ¢ = j. Riemannian sym-
metric spaces of noncompact type are uniquely determined by the Dynkin diagram
of their restricted root system together with the multiplicities of the simple roots.
In Table [1] we list the Dynkin diagrams and root multiplicities for all irreducible
Riemannian symmetric spaces of noncompact type.

Parabolic subalgebras (resp. subgroups) of real semisimple Lie algebras (resp. Lie
groups) play an important role for the geometry of Riemannian symmetric spaces
of noncompact type for which their is no analogue in the compact case. We will
now describe how to construct all parabolic subalgebras of g. We denote by ¥T
the set of positive roots in ¥ with respect to the set A of simple roots. Let ® be a
subset of A. We denote by W¢ the root subsystem of ¥ generated by @, that is, g
is the intersection of ¥ and the linear span of ®. We define a reductive subalgebra
s and a nilpotent subalgebra ng of g by

[@zgo@<@ga> and ne = @ Ja-

aeVy ae\lj‘f’\\lj;
It follows from properties of root spaces that [lg, ne] C ng and therefore

g = ls D s

is a subalgebra of g, the so-called parabolic subalgebra of g associated with the
subsystem ® of W. The decomposition q¢ = I Dng is the Chevalley decomposition
of the parabolic subalgebra qg.

Every parabolic subalgebra of g is conjugate in g to q¢ for some subset ® of
A. The set of conjugacy classes of parabolic subalgebras of g therefore has 2"
elements. Two parabolic subalgebras qe, and qg, of g are conjugate in the full
automorphism group Aut(g) of g if and only if there exists an automorphism F' of
the Dynkin diagram associated to A with F(®q) = ®5. If |®] = r — 1 then qq is
said to be a maximal parabolic subalgebra of g.
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TABLE 1. Dynkin diagrams and root multiplicities for irreducible
Riemannian symmetric spaces M of noncompact type

Dynkin diagram M Multiplicities Comments
SOY | 1/S014k k k>1
SLy41(R)/SOp1 1,1,...,1,1 r>2
aO—Ol NS '('XTO—OA 2 SLy11(C)/SUry1  2,2,...,2,2 r>2
SU2*T+2/Spr+1 4,4,...,4,4 r>2
Eg%%/F, 8,8
0 =30 802, 1 1/SOrSO sy, 1,1,...,1,1,k r>2k>1
@ az Qr-20r—1 ap S0274+1(C)/SO2r41  2,2,...,2,2,2 r>2
Spr(R)/U, 1,1,...,1,1,1 r>3
SUr./S(UU) 2,2,...,2,2,1 r>3
O—0- - O——0&E=0 Spr(C)/Spr 2,2,...,2,2,2 r>3
ay o Qp_2Qp_1 ap SO}, /Uar 4,4,...,4,4,1 r>3
Spr,r/SprSpr 4,4,...,4,4,3 r>2
E; %%/ EgUy 8,8,1
Or—1 50¢,./50,5S0, 1,1,...,1,1,1,1 r>4
oo aro<272 . 502,(C) /802, 2,2,...,2,2,2,2 r>4
SUp ik /SUrUrik) 2,2,...,2,2,(2k,1) 72>21,k>1
Spr,r+k/SpTSpr+k 4,4,...,4,4, (4k7 3) r>lLk>1
o—o0- ; ) 803, 5/Uzrs1 4,4,...,4,4,(4,1) r>2
r— r—1 (ap, 20, — .
v E; 1 /SpinioUs 6,(8,1)
Fy*°/Sping 8,7

or s Ve o e E§/Spa 1,1,1,1,1,1
1 3 4 as 6 E¢(C)/Es 2,2,2,2,2,2
ot an Tt e e EI/SUs 1L,1,1,1,1,1,1
1 3 14 as 6 7 E7(C)/E7 2,2,2,2,2,2,2
o o o e o e o P3/SO16 1,1,1,1,1,1,1,1
1 3 4 ap 6 7 8 Eg(C)/Es 2,2,2,2,2,2,2,2
Fi/Sp3Sp 1,1,1,1
o0 E2/SUsSp1 1,1,2,2
E;°/80128p1 1,1,4,4
@l ag ag Qg [
Eg*"/E7Sp1 1,1,8,8
Fy(C)/Fy 2,2,2,2
fo=—"¢) G32/S04 1,1
o1 e G2(C)/G2 2,2
Let

ap = ﬂ ker(a) C a
acd

be the split component of [ and denote by a® = a©ag the orthogonal complement
of ag in a. The reductive subalgebra g is the centralizer (and the normalizer) of ag
in g. The orthogonal complement mg = [ ©ag of ag in g is a reductive subalgebra

of g. The decomposition

Jo = mg O aop O ne
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is the Langlands decomposition of the parabolic subalgebra qo. We have [mg, ag] =
0 and [mg, ne| C ne. Moreover, go = [me, ma] = [lo, 3] is a semisimple subalgebra
of g. The center 3¢ of mg is contained in £y and induces the direct sum decompo-
sition me = 3¢ P go and therefore, since 3¢ C £y, we see that ge N €y = € S 36.

For each o € U we define ¢, = €N (g_o D go) and ps = pN (g—o ® go). Then
we have t_, = t,, p_o =P and £, B Py = g_o D g, for all @« € ¥. From general
root, space properties it follows that

f@:[@ﬂp:a@<@ Pa> andb¢:m¢mp:g¢ﬂp=a©@<@ pa)

acVye acV¥y

are Lie triple systems in p. We define a subalgebra £4 of £ by

E¢=q¢ﬂézl¢ﬂézm¢ﬂ{%zéo@<@ ea>.

acVg

Then we have [t, mg] C Mo, [ts,as] = {0} and [ts,ns] C ne. Moreover, go =
(go Nty) @ by is a Cartan decomposition of the semisimple subalgebra ge of g and
a® is a maximal abelian subspace of bg. If we define (gs)o = (ga N €) @ a®, then
go = (g0)o0 @ (@ae%) ga) is the restricted root space decomposition of ge with
respect to a® and @ is the corresponding set of simple roots.

Let Fg and Bg be the connected complete totally geodesic submanifold of M
corresponding to the Lie triple systems f¢ and bg, respectively. Then Bg is a
Riemannian symmetric space of noncompact type with rk(Bg) = |®|, also known
as a boundary component in the maximal Satake compactification of M (see [3]).
Note that Bg is irreducible if and only if the Dynkin diagram corresponding to ®
is connected. The totally geodesic submanifold F is isometric to the Riemannian
product Bg x R"~1?l where R"~19! is the totally geodesic Euclidean space in M
corresponding to the abelian Lie triple system ag. For ¢ € {1,...,r} we define
O, = A\ {w;}, ; =1s,, F; = Fg,, B; = Bs,, etcetera. Then we have F; = R x B;.

3. REFLECTIVE SUBMANIFOLDS

Let ¥’ be a connected totally geodesic submanifold of M. Since M is homoge-
neous we can assume that p € ¥'. Moreover, since every connected totally geodesic
submanifold of a Riemannian symmetric space is contained in a connected complete
totally geodesic submanifold, we can also assume that X' is complete. Since M is
of noncompact type, ¥’ is the Riemannian product of a (possibly 0-dimensional)
Euclidean space and a (possibly 0-dimensional) Riemannian symmetric space of
noncompact type. This implies in particular that ¥’ is simply connected.

The tangent space m’ = T, C T,M = p is a Lie triple system in p and thus
g =[m, m]em Ctdp=gisasubalgebra of g. Let G’ be the connected closed
subgroup of G with Lie algebra g’. Then Y’ is the orbit G’ - p of the G’-action on M
containing p. Thus we can write ¥’ = G'/K’, where K’ = G, is the isotropy group
of G’ at p. Since ¥’ is simply connected, the isotropy group K’ is connected. The
Lie algebra ¥ of K’ is given by ¢ = [m’, m’]. Note that G’ is a normal subgroup of
G ={geG|g(X) =13} and K’ is a normal subgroup of (G>),.

The following Slice Lemma was proved in [1] and will be used later. We formulate
it here for the noncompact case, but it is valid also for the compact case.
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Lemma 3.1. (SLICE LEMMA) Let M = G/K be an irreducible Riemannian sym-
metric space of noncompact type with tk(M) > 2, where G = I°(M) and K = G,
is the isotropy group of G at p € M. Let g = £ @ p be the corresponding Cartan
decomposition. Let X' be a nonflat totally geodesic submanifold of M such that
p € X', Let G’ be the connected closed subgroup of G with Lie algebra [m’,m’] @ m’,
where T, =m' Cp =T,M, and K' = Gj,. Then the slice representation of K'
on vpX' is nontrivial.

In general, the orthogonal complement m” of a Lie triple system m’ in p is
not a Lie triple system. If m” is a Lie triple system, then m’ is said to be a
reflective Lie triple system and Y’ is said to be a reflective submanifold of M.
The notion comes from the fact that the geodesic reflection of M in ¥/ is a well-
defined global isometry of M if and only if both m’ and m” are Lie triple systems.
Reflective submanifolds therefore always come in pairs ¥’ and X" corresponding
to the two reflective Lie triple systems m’ and m”. In this situation we write
¥ = G"/K", where G” is the connected closed subgroup of G with Lie algebra
g’ = [m",m"] ©m"” and K" = G} is the connected closed subgroup of K with Lie
algebra ¢/ = [m” , m”]. The reflective submanifolds of irreducible simply connected
Riemannian symmetric spaces of compact type were classified by Leung ([I0],[I1]).
Using duality one obtains the classification of reflective submanifolds in irreducible
Riemannian symmetric spaces of noncompact type.

Let R denote the Riemannian curvature tensor of M. As ¥/ is totally geodesic in
M, the restriction of R to ¥’ coincides with the Riemannian curvature tensor of X'.
We will regard, via the isotropy representation at p, K’ ¢ K C SO(T,M). Note
that ¢ and € are generated by the curvature transformations R, , € so(7,M) with
x,y € TyM and x,y € T,X’, respectively. The curvature operator R: A2 (T,M) —
Az(TpM ) is negative semidefinite. This implies, as is well-known, that K’ acts
almost effectively on T,%’.

Let p: K' — SO(vpY'), k + dpk),, 5 be the slice representation of K’ on the
normal space v,%" of ¥/ at p and denote by ker(p) the kernel of p. Let x : K" —
SO(T,%"), k + dpk 1,5 be the isotropy representation of K on the tangent space
T,

Lemma 3.2. Let M = G/K be an irreducible Riemannian symmetric space of
noncompact type, ' = G'/K' be a reflective submanifold of M and ¥ = G" /K"
be the reflective submanifold of M with T,X" = v,X'. Then:

(i) p(K') is a normal subgroup of x(K").

(ii) The subspace (1,X"), = {€ € v, X | p(K)E =& for allk' € K'} of v,X" = T,
is x(K")-invariant and X" = ¥ x XY (Riemannian product), where X! is
the totally geodesic submanifold of X" with T,X) = (v,X"),. Moreover, if
rk(M) > 2, then X! is flat.

Proof. As previously observed, K’ is a normal subgroup of (GE/)p. Observe also
that K c (G*'), and that p(K’) C x(K") (for the last inclusion see the paragraph
below Lemma 2.1 in [1]). Then p(K') = p(K"K'(K")~1) = x(K")p(K")(x(k"))~*
for all k¥ € K" and thus p(K') is a normal subgroup of x(K"). Thus the subspace
(1pX), of T, X" is x(K")-invariant and hence also invariant under the holonomy
group of ¥ at p. Since X" is simply connected, the de Rham decomposition
theorem for Riemannian manifolds implies that X" decomposes as a Riemannian
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product into ¥” = X! x XY, where X! is the totally geodesic submanifold of ¥
with T,X! = (1,2 ),.

We write X/ = GI//K!/, where G/ is the connected closed subgroup of G with
Lie algebra g = [1,20, 1,5 & T,X) and K is the isotropy group of G at
p. Let z1,20 € T,X) = (v,X'),. For all y € T,37 we have R, ,,y = 0 since
¥ = 37 x ¥{ is a Riemannian product and totally geodesic in M. Clearly,
T,X! is K//-invariant and hence T),X’ is also K[ -invariant. If 2’,y € T,%’, then
(Ray 22", Y') = (Rar 1, 22) = 0, since z1, 22 € (1pX'), are fixed under the slice
representation of K'. Since v,X) = T,5Y ® T,,% and €/ is linearly spanned by the
curvature endomorphisms of pairs of elements in T},37, we conclude that the slice
representation of K/ on 1,37 is trivial. It follows from the Slice Lemma that

o

" is flat if rk(M) > 2. This finishes the proof of part (ii). O

Corollary 3.3. Let M = G/K be an irreducible Riemannian symmetric space of
noncompact type with tk(M) > 2 and let & be a totally geodesic submanifold of M
which decomposes into a Riemannian product 3 = ¥g X 31 with a Fuclidean factor
Yo and a semisimple factor X1 with dim(Xg) > 0 and dim(3;) > 0. Then X, is
not a reflective submanifold of M.

Proof. Assume that 3; is a reflective submanifold of M. We will apply Lemma [3.2
with ¥’ = ¥;. In the notation of Lemma we have T,%y C (1,Y’), and therefore
Yo is contained in the flat factor X/ of ¥”. This implies that Ry, .+ = 0 for all
zo € TpXo and &’ € T,X". We obviously also have Ry, ,, = 0 for all zq € T,,%
and z, € TpX, = TpX'. Since T,M = T,X' @ T,X" this implies R,,. = 0 for all
2o € T),X0, which is a contradiction. O

The next result provides a useful sufficient criterion for a semisimple totally
geodesic submanifold of an irreducible Riemannian symmetric space to be reflective.

Proposition 3.4. Let M = G/K be an irreducible Riemannian symmetric space
of moncompact type with tk(M) > 2 and let ¥ = G'/K' be a semisimple totally
geodesic submanifold of M. Assume that the kernel ker(p) of the slice representation
p: K'— SO(vp,X) has positive dimension. Then we have

v ={& € T,M | p(k)§ =& for all k € ker(p)°}
and, in particular, ¥ is a reflective submanifold of M.

Proof. The subspace V = {{ € T,2 | dyk(§) = & for all k € ker(p)°} of T,X is
K'-invariant since ker(p)® is a normal subgroup of K.

We first assume that V = T,%. Since ker(p)® acts trivially on v,~ we conclude
that ker(p)® and hence K’ acts trivially on T,,M, which is a contradiction.

Next, we assume that V is a nontrivial proper K’-invariant subspace of T,%.
Then 3 decomposes as a Riemannian product ¥ = ¥; X X, where V =T,%;. If we
write, as usual, ¥; = G;/K;, then K’ = K; x K» (almost direct product). Let h;
be the orthogonal projection of the Lie algebra of ker(p) into ¢; and let H; be the
connected subgroup of K; with Lie algebra b;. Then H; acts trivially on V = T,,%;
since both ker(p)® and Hs act trivially on V. Since K acts almost effectively on
T,%1 and H; is connected, it follows that H; is trivial. Thus we have shown that
ker(p)® C K.

Note that {{ € TyM | p(k)¢ = € for all k € ker(p)°} =V & 1,2 = 1,3, This
shows that Yo is a reflective submanifold of M. Let ¥5 = G3/K3 be the reflective
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submanifold of M with T),X3 = v,,%5. We denote by p; : K; — SO(v,%;) the slice
representation of K; on the normal space v,%; and by x; : K; — SO(T,%;) the
isotropy representation of K;, i € {1,2,3}.

From Lemma [3.2(i) we see that pa(K3) is a normal subgroup of x3(K3). Let W
be the set of fixed vectors of pa(K2) in 1,39 = T,X3 = VEr,X = 1,5 $rpX. Since
K acts trivially on 7,3 one has that 7,5, C W. From Lemma ii) we know
that W is the tangent space of a Euclidean factor of 3. This is a contradiction since
Y1 is contained in this Euclidean factor, however, ¥, is not flat as ¥ is semisimple.
It follows that V = {0}, which proves the assertion. O

The following consequence of Proposition states that totally geodesic sub-
manifolds of sufficiently small codimension in irreducible Riemannian symmetric
spaces are reflective.

Corollary 3.5. Let M be an n-dimensional irreducible Riemannian symmetric
space of noncompact type with r = rk(M) > 2 and let ¥ be a semisimple connected
complete totally geodesic submanifold of M with codim(X) = d. If

Sild+1) k(D) < n,
then X is a reflective submanifold of M. In particular, if
dld+1)<2(n—r),
then X is a reflective submanifold of M.

Proof. As usual, we write ¥ = G'/K’. If dim(K') > dim(SO(1,%)) = 3d(d — 1),
then the kernel of the slice representation p : K’ — SO(,X) must have positive
dimension and therefore ¥ is a reflective submanifold of M by Proposition A
principal K'-orbit on ¥ has dimension n — d — rk(X) and thus dim(K') > n —d —
rk(X). Consequently, if 2d(d—1) < n—d—rk(X), then X is a reflective submanifold
of M. The inequality $d(d—1) < n—d—rk(X) is equivalent to 2d(d+1)+1k(X) < n.
The last statement follows from the fact that rk(X) < rk(M) =r. O

4. NON-SEMISIMPLE MAXIMAL TOTALLY GEODESIC SUBMANIFOLDS

Let 3 be a connected totally geodesic submanifold of M. We may assume that
> is complete and p € 3. Every connected complete totally geodesic submanifold
of a Riemannian symmetric space is again a Riemannian symmetric space. In this
paper, when we consider a totally geodesic submanifold ¥ of M, we always assume
that p € ¥ and that ¥ is connected and complete. Since M is of noncompact
type, it follows that ¥ is isometric to the Riemannian product ¥¢ x ¥X;, where X
is a (possibly 0-dimensional) Euclidean space and X1 is a (possibly 0-dimensional)
Riemannian symmetric space of noncompact type.

The next result relates non-semisimple maximal totally geodesic submanifolds
of M to the reductive factors in the Chevalley decompositions of the maximal
parabolic subalgebras of g.

Proposition 4.1. Let M = G/K be an irreducible Riemannian symmetric space
of noncompact type and let ¥ be a mon-semisimple mazximal totally geodesic sub-
manifold of M. Then % is congruent to F; = R x B; for some i € {i,...,r}.
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Proof. Let a be a maximal abelian subspace of p with T,X9 C a and consider the
restricted root space decomposition of g induced by a. We define T = {«o; € A |
a;(TpX0) = 0} C A. Assume that T = A, which means that «;(7,3¢) = 0 for all
a; € A. This implies 7,39 = {0} and therefore ¥ = ¥, is semisimple, which is a
contradiction. Thus we have |T| < |A| = r and therefore there exists i € {1,...,r}
such that T C ®;. Then we get

T,Y C Zy(T,S)={X cp|[X,Y]=0forall Y € T,%}
C Zy(T,%0) ={X eg|[X,Y]=0forall Y € T,%}

= 0@ D w]=ncy
eV, o(TpXo)={0}
which implies 7,2 C [; Np = §; and therefore ¥ C F; = R x B;. If ¥ is a maximal
totally geodesic submanifold of M we must have ¥ = F;, since F; is a totally
geodesic submanifold of M which is strictly contained in M. O

The remaining problem is to clarify which of the totally geodesic submanifolds
F; are maximal. The solution of this problem is related to symmetric R-spaces.
Let M = G/K be an irreducible Riemannian symmetric space of noncompact type
and consider the isotropy representation

x: K —=T,M=p, v—dk(v)=Ad(k)v.

For every 0 # v € p the orbit
K-v={Adkv|ke K} Cp

is called an R-space (or real flag manifold). One can show that the normal space
vy(K -v) of K -v at v is equal to

V(K -v) = Zp(v) ={w € p | [v,w] =0},
where Z,(v) is the centralizer of v in p. It follows from the Jacobi identity that
Zp(v) is a Lie triple system. Thus, for every 0 # v € p, there exists a connected
complete totally geodesic submanifold ¥¥ of M with T,%” = v,(K - v). Since
every v € p is contained in a maximal abelian subspace of p we can assume that
v € a. Then we have [ = Z(v) with & = {a; € A | o;(v) = 0}, which implies
fo = Zy(v) = vy(K - v) and therefore Fp = X7.

TABLE 2. Highest roots d of root systems (R)

(R) Highest root 6 = d1a1 + ...+ drap Comments
(Ar) a4+ ...+ ap r>1
(Br) al 4+ 2a9 + ...+ 20 r>2
(Cr) 2001 + ...+ 2001 + ar r>3
(D) a1 +2a2 + ...+ 202+ ar_1+ar r>4
(BCy) 2a1 + ...+ 2a, r>1
(Fe) a1 + 22 + 203 + 3as + 2a5 + as

(B7) 201 + 202 + 3asz + daa + 3as + 2a6 + ar

(Eg) 2a1 + 3as + 4asz + 6aq + bas + 4ag + 3ar + 2as

(Fy) 2001 + 3ag + 4daz + 24

(G2) 3a1 + 2an
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A special situation occurs when the orbit K - v is a symmetric space. In this sit-
uation the orbit K -v is called an irreducible symmetric R-space. The irreducibility
here refers to the irreducibility of the symmetric space G/K and not to the orbit.
An irreducible symmetric R-space can be reducible as a Riemannian manifold. The
irreducible symmetric R-spaces were classified by Kobayashi and Nagano in [9].
Their classification can be read off from the Dynkin diagram and highest root of
the symmetric spaces G/K. In Table [1| we already listed the Dynkin diagrams. In
Table [2| we list the corresponding highest roots 6 = d1aq + ... + dpp.

Kobayashi and Nagano proved that an R-space K - v is symmetric if and only
if v = H" and §; = 1. From Tables [1] and [2| one can easily get the classification of
irreducible symmetric R-spaces. We can now state the main result of this section:

Theorem 4.2. Let M = G/K be an irreducible Riemannian symmetric space of
noncompact type and let 3 be a non-semisimple connected complete totally geodesic
submanifold of M. Then the following statements are equivalent:

(i) X is a mazimal totally geodesic submanifold of M ;

(ii) X is isometrically congruent to F; = R x B; and §; = 1;
(iii) v, is the tangent space of a symmetric R-space in TpM ;
(iv) The pair (M,X) is as in Table 3]

TABLE 3. Non-semisimple maximal totally geodesic submanifolds
> = R x B of irreducible Riemannian symmetric spaces M of
noncompact type

M B codim(¥)  Comments

SLry1(R)/SOps1  SLi(R)/SO; x SLyy1—i(R)/SOpi1—i i(r+1—i) r>21<i<][r/2]
SLy41(C)/SUps1 SLi(C)/SU; x SUpy1—i(C)/SUpp1—;  2i(r+1—i) r>21<i<[r/2]

SU5,. 5/ Sprt1 SUS, /Sp; x SU;(T+17i>/SpT+1,¢ di(r+1—3) r>2,1<i<[r/2]

Eg%%/Fy RH? 16

SO2, 1 x/SOrSO ik SO2_ 1 4/SOr-1S0, 144 2r—2+4k r>2k>1

S502,41(C)/SO2r41 SO2,-1(C)/SO2,—1 4r — 2 r>2

Spr(R) /U SLy(R)/SO: ir(r+1) r>3

SU,.»/S(U-Uy) SL.(C)/SU, r? r>3

Spr(C)/Spr SL,(C)/SU, r(r+1) r>3

SO}, /Uy SU3./Spr r(2r — 1) r>3

Spr.r/SprSpr SU3,./Spr r(2r +1) r>2

E7 % /EgUy Eg2%/Fy 27

502,./50,SO, SO2_4 ,_1/80r—150; 1 2(r —1) r>4
SL(R)/SO; ir(r—1) r>4

S02-(C)/SO02, 502(-—1)(€)/SO0s(;—1) 4(r—1) r>4
SL.(C)/SU, r(r—1) >4

ES/Sp4 50¢ 5/505505 16

EI/SUs E8/Sp4 27

Es(C)/Es 5010(C)/SO010 32

E7(C)/Er E6(C)/Es 54
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Proof. The equivalence of (ii) and (iv) is a straightforward computation using Ta-
bles|l| and |2} Kobayashi and Nagano proved that an R-space K - v is symmetric if
and only if v = H® and §; = 1. In this situation we have vy (K - H') = Z,(H") =
f; = T,F; and hence v,F; = Tg:(K - H"). This gives the equivalence of (ii) and
(iii). We shall now prove the equivalence of (i) and (ii).

We first assume that X is a maximal totally geodesic submanifold of M. From
Proposition we know that, up to conjugacy, ¥ = F; for some ¢ € {1,...,r}.
Assume that §; > 2 and let ¢ be a prime number with ¢ < §;. Then define the
semisimple subalgebra bh; ; of g by

bie = go @ o, Oa

a€¥,a(H*)=0(mod t)

Since

i =go® @ Ja

aeV,a(H)=0

and 0; > t we see that [; is strictly contained in h; . It follows that the Lie triple
system [; Np = §; is strictly contained in the Lie triple system b; N p. This is
a contradiction since, by assumption, T,¥ = f; is a maximal Lie triple system.
Consequently we must have §; = 1. This finishes the proof for “(i) = (ii)”.

Conversely, let us assume that ¥ = F; for some ¢ € {1,...,r} and that ¢; = 1.
We denote by S; the symmetric R-space K - H' C p = T,M. Then we have
a(H?) € {=1,0,+1} for all @ € ¥ and therefore ad(H*)? induces a vector space
decomposition g = g° @ g' of g, where

o =li=go® P | adg'= P g

a€V,a(H*)=0 a€V,a(HY)==+1

The map Xo + X1 — Xo — X, defines an involutive automorphism of g = g° @ g'.
We denote by s; : p — p the induced isomorphism on p. Then we have s;(X) = —X
forall X € Ty:iS; =gl Np = Sacw,a(H)=1Pa and s;(X) = X for all X € vy:S; =
g®Np=fi =R xb; = Z,(H"). The isomorphism s; is the orthogonal reflection of
p in the normal space vg:S; and its restriction to S; leaves S; invariant and hence
induces an involutive isometry on S; for which H' is an isolated fixed point. This
shows that S; is a symmetric R-space and that S; is an extrinsically symmetric
submanifold of the Euclidean space T, M = p with s; as the extrinsic symmetry.

Since [g¥, g] € g TH(mod2) "we see that vg:S; = g Np and Tp:S; = g* Np are
Lie triple systems. It follows that both the tangent space and the normal space of
the symmetric R-space S; at H*? are reflective Lie triple systems.

Let V # p be a Lie triple system in p with §; C V and let ¥’ be the connected
complete totally geodesic submanifold of M with T,%’ = V. Then we have ¥/ =
G'/K', where G' and K’ is the connected closed subgroup of G with Lie algebra
g =[V,V]®V and ¥ = [V, V], respectively.

Since rk(M) > 2, the semisimple factor b; of f; is non-trivial and therefore V
is a non-abelian subspace of p. Since Ty:.S; is a Lie triple system, V N Tg:S; is
a Lie triple system as well. Let N be the connected component containing H®
of the intersection ¥’ N S;. It is clear from the construction that N is a smooth
submanifold of S; in an open neighborhood of H*.
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We identify X € g with the Killing field ¢ — X.q = %It:o(t — Exp(tX)(q)) on
M. The orthogonal projection X of Xz to TY is a Killing field on the totally geo-
desic submanifold ¥’ which lies in the transvection algebra of ¥’ (see the paragraph
below Lemma 2.1 in [I]). Note that X.p = 0 if X € €. Then, if X € &, there exists
X' € ¥ such that Z)y, is always perpendicular to ¥, where Z = X — X’. This
implies that Z.V C V+. In fact, let 7, be the geodesic in M with initial condition
7,(0) = u € V. The Jacobi field Z.7,(t) is perpendicular to T, )%’ and therefore
its covariant derivative (Z.7,)(t) must be so. Hence (Z.v,)'(0) = Z.u € V+. So,
if X € ¢ we have X.u = X'.u + Zu and thus T, (K - u) C T,(K'-u) &Vt for
all u € V. This implies T,,(K - u) = T,,(K’ - u) ® V* (orthogonal direct sum) and
Uy (K" - u) = vy (K - w) for all w € S;, since vy:S; C V.

As we have previously observed, N is a submanifold of S; in an open neighbor-
hood of H?. Since K’-H* C V and K’ C K we obtain K’-H* C N and K'-N = N.
From the previous paragraph we conclude that N coincides with K’ - H? around
H'?, since both submanifolds of S; have the same dimension. Moreover, since V is
K'-invariant, V contains the normal space 14,S; = v, (K - w) for all w € K'- H'.
This implies in particular that N is totally geodesic in S; at all points w € K’ - H*.
Thus N is a submanifold around any w € K’ - H® and N coincides, around w, with
this orbit. Therefore K’ - H’ is an open subset of N. Since K’ - H' is compact and
N is Hausdorff, the orbit K’ - H? is a closed subset of N. Since N is connected this
implies that N = K’ - H? is a totally geodesic submanifold of S;.

Let us consider the extrinsic symmetry s; at H* of the extrinsically symmetric
submanifold S; of T, M. Since s; leaves S;, V and {H'} invariant, it also leaves
N = K’ - H%, the connected component of S; NV containing H*, invariant. Hence
s; restricted to V is an extrinsic symmetry of N C V at H*. This proves that N is
an extrinsically symmetric submanifold of V.

Note that the extrinsic symmetry s; has the property s;(V) = V and therefore
siK's; L= K.

We want to prove that N = {H'}, or equivalently, that V = vy:S;. Assume
that this is not true. Let W C V be the linear span of N = K- H*. Then W is the
tangent space to a (symmetric) Riemannian factor of ¥/, since it is K’-invariant.
The subspace W cannot have an abelian part since N = K’ H? is full in W. Also,
since K acts irreducibly on T, M, K must act effectively on the symmetric orbit
S;. The group K is generated by the so-called geometric transvections {s; o sy},
where x,y € S; and s, denotes the extrinsic symmetry at x. In fact, the connected
group K cannot be bigger than the group of transvections of the symmetric space
S; since .S; is compact, and so any Killing field on S; is bounded and hence belongs
to the Lie algebra of the transvection group.

Let K be the connected closed subgroup of K’ with Lie algebra ¢’ = [W, W]gW.
Note that K’ - H* = K" - H*. Moreover, K" acts almost effectively on N. In fact,
K" acts almost effectively on W (see Section 2 of [I]) and if k" € K" acts trivially
on N it must act trivially on its linear span. We also have K’ = K" x K (almost
direct product), where K is the connected closed subgroup of K’ with Lie algebra
E=[WANV,WinV]e (WLnv).

As we have seen above, N = K" - H' is a symmetric submanifold of S; and thus
K" must be generated by {s,/os, } with 2,y € K’- H'. The following observation
is crucial: {s,s o s,/ } is the identity on the orthogonal complement of W. In fact,
s, is the identity on W+ NV, since this subspace is contained in v, S;. Moreover,
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s, is minus the identity on V*, which is tangent to S; at /. The same is true if
one replaces 2’ by y' and so s,/ 0 s, is the identity on V4 & (WL NV) = W, This
implies that K" acts trivially on W+, which contradicts the Slice Lemma Then
V = vy S; which implies that vy:S; = T3 is maximal. Thus we have proved that
¥ is a maximal totally geodesic submanifold of M. This finishes the proof of “(ii)
= (i)”. O

From Theorem and Table 2l we obtain

Corollary 4.3. Let M = G/K be an irreducible Riemannian symmetric space of
noncompact type. If the restricted root system of M is of type (BC,), (Es), (Fy)
or (Ga), then every mazximal totally geodesic submanifold of M is semisimple.

We have seen in the proof of Theorem [.2)that v, F; is a Lie triple system when
0; = 1, which implies that T}, F; is a reflective Lie triple system when §; = 1. From
Theorem .2l we can therefore conclude:

Corollary 4.4. Let M = G/K be an irreducible Riemannian symmetric space of
noncompact type and let X be a non-semisimple maximal totally geodesic submani-
fold of M. Then X is a reflective submanifold of M.

We remark that the analogous statement for the semisimple case does not hold.
For example, SL3(R)/SO;3 is a semisimple maximal totally geodesic submanifold
of G3/S0, which is not reflective.

We recall from [I] the following result:

Theorem 4.5. Let M be an irreducible Riemannian symmetric space. Then
k(M) < i(M).
From Table 3] we obtain that the codimension of the totally geodesic submanifold

Y =RxSL,(R)/SO, in M = SL,11(R)/SO,4; is equal to r = rk(M), which
implies i(M) < rk(M). Using Theorem [4.5| we thus conclude:

Corollary 4.6. For M = SL,11(R)/SO,41 we have rk(M) =r = i(M).

5. EXAMPLES OF SYMMETRIC SPACES WITH rk(M) = i(M)

We first consider the symmetric space M = SL,11(R)/SO,41 for r > 1 and
present a more explicit version of Corollary This symmetric space has k(M) =
r and dim(M) = 37(r +3). For 7 = 1 we get the real hyperbolic plane RH?2. Thus,
if 3 is a geodesic in M, we have codim(X) = 1 = rk(M). For r > 2 we consider the
Cartan decomposition g = £ @ p of the Lie algebra g = sl, 1 (R) of G = SL,11(R)
which is induced by the Lie algebra ¢ = s0,.41 of K = SO,1. The vector space p
is given by

p={Acsl (R)| AT = A}.

We now define
m = {A: (‘tto(m Jg) €p ‘ B e gl (R), BT :B}.

Then we have

[[m, m], m] = {A (8 %) €p ‘ B € sl (R), BTB} cm,
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which shows that m is a Lie triple system in p. We have dim(m) = 1r(r + 1) and
hence dim(p) — dim(m) = r(r+3) — 3r(r + 1) = r. Thus the connected complete
totally geodesic submanifold ¥ of M corresponding to the Lie triple system m,
which is isometric to R x SL,.(R)/SO,, satisfies codim(¥) = r = rk(M). From
Theorem |4.5| we can therefore conclude that the index of SL,1(R)/SO, 11 is equal
to the rank of SL,41(R)/SO;41. We remark that R x SL,.(R)/SO, is tangent to
the normal space of a Veronese embedding of the real projective space RP" into p
(see e.g. Lemma 8.1 in [12]).

Next, we consider the symmetric space M = SOy ., /SO, SO, with r > 1,
k> 0 and (r,k) ¢ {(1,0),(2,0)}. This symmetric space has rk(M) = r and
dim(M) = r(r + k). For (r,k) = (1,0) we have dim(M) = 1 and so M is
not of noncompact type. For (r,k) = (2,0) we have the symmetric space M =
S0S8 5/S02S50; which is isometric to the Riemannian product of two real hyper-
bolic planes and therefore not irreducible. Note that SOf ,/SO2 = SL2(R)/SO
and SO% 3/S03503 = SL4(R)/SOy.

For r = 1 we get the (k 4 1)-dimensional real hyperbolic space M = RH*+! =
SOY 1, 4/SO14k. This space contains a totally geodesic hypersurface ¥ = RH * and
therefore rk(M) = 1 = i(M).

Now assume that r > 2 and consider the Cartan decomposition g = € @ p of
the Lie algebra g = 50,1 of G = SO; ., which is induced by the Lie algebra
t = s0, ® 50,4 of K = 50,50,. The vector space p is given by

0 B
AZ(BT 0)3 BGMT,T‘Jrk(R)}v

where M, ,4,(R) denotes the vector space of r X (r + k)-matrices with real coeffi-
cients. We define a linear subspace m of p by

m:{A=<;T ]'g)ep‘B:(C’ O),CeMli(R)}.

A straightforward calculation shows that [[m, m],m] C m, that is, m is a Lie triple
system in p. We have dim(m) = r(r + k£ — 1) and hence dim(p) — dim(m) =
r(r+ k) —r(r+k—1) = r. Thus the connected complete totally geodesic sub-
manifold ¥ of M corresponding to the Lie triple system m, which is isometric to
8O3, 1/50:50; k-1, satisfies codim(¥) = r = rk(M). From Theorem it
follows that the index of SOy, /SO, SO;, is equal to 7.

Altogether we have now proved the “if”-part of Theorem

p= {A €50, ryk

Proposition 5.1. Let M be one of the following Riemannian symmetric spaces of
noncompact type:

(i) SLy41(R)/SO;41, r > 1;
(i) SO7, . 1./SOrSOri, 7> 1, k>0, (r,k) € {(1,0),(2,0)}.
Then k(M) =r =i(M).

6. THE CLASSIFICATION

The following result was proved in [I] and will be used later.

Theorem 6.1. Let M be an irreducible Riemannian symmetric space, % a con-
nected totally geodesic submanifold of M and p € ¥. Then there exists a mazimal
abelian subspace a of p such that a is transversal to T,%, that is, a N T2 = {0}.
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Let M = G/K be an irreducible Riemannian symmetric space of noncompact
type and assume that i(M) = r = rk(M). Then there exists a connected complete
totally geodesic submanifold 3 of M with p € ¥ such that codim(X) = r. According
to Theorem there exists a maximal abelian subspace a of p such that a is
transversal to T,X. Let U be the set of restricted roots with respect to a and
A ={a1,...,a.} beaset of simple roots for ¥. The next result provides a necessary
criterion for an irreducible Riemannian symmetric space M with rk(M) > 2 to
satisfy the equality rk(M) = i(M).

Proposition 6.2. (BOUNDARY REDUCTION) Let M be an irreducible Riemannian
symmetric space of noncompact type with tk(M) > 2 and assume that the equality
rk(M) = i(M) holds. Then every irreducible boundary component Be of M satisfies
I‘k(Bq;.) = Z(Bcp)

Proof. Let Y ¢ be the connected complete totally geodesic submanifold of Fg corre-
sponding to the Lie triple system T}, N T}, Fg. Since T,M = T,X @ a (direct sum)
and a C T,Fg, we have T, Fp = T,X¢ @ a (direct sum). Thus the codimension of
Y in Fp is equal to dima = r = rk(M) = rk(Fp).

The orthogonal projection (T,X4 )1, B, of the Lie triple system T},X¢ onto T}, Bg
is a Lie triple system. Let X7 be the connected complete totally geodesic sub-
manifold of Bg corresponding to the Lie triple system (71,Y4)7, B,. Since T,,Fp =
T,3%¢ ®a="T,Bs $as (direct sum) and a = a® @ agp, we have T,Be =T, X5 & a®
(direct sum), which implies that the codimension of ¥}, in By is equal to dim(a®) =
dim(a) — dim(ag) = r — (r — |®|) = |®| = rk(Bg). This implies i(Bs) < rk(Bg).
However, since Bg is irreducible, we also have rk(Bg) < i(Bg) by Theorem
Altogether this implies rk(Bg) = i(Bg). O

We recall the following result from [IJ:

Theorem 6.3. (SYMMETRIC SPACES WITH INDEX < 3) Let M be an irreducible
Riemannian symmetric space of noncompact type.

(1) i(M) =1 if and only if M is isometric to
(i) the real hyperbolic space RH*+1 = SO9 1 .1/SO14k, k> 1.
(2) i(M) =2 if and only if M is isometric to one of the following spaces:
(i) the complex hyperbolic space CH**! = SU, 11 /S(U1Ur1x), k > 1;
(ii) the Grassmannian SOS’2+k/SOQSOQ+k, k>1;
(iii) the symmetric space SL3(R)/SOs3.
(3) (M) = 3 if and only if M is isometric to one of the following spaces:
(i) the Grassmannian SO3 5., /SO35034k, k > 1;
(ii) the symmetric space G3/SO4;
(iii) the symmetric space SL3(C)/SUs;
(iv) the symmetric space SLy(R)/SOy.

The Riemannian symmetric spaces of noncompact type with rk(M) = 1 = i(M)
are precisely the real hyperbolic spaces SOil_s_,f/SOlJr;€7 k > 1. The irreducible
Riemannian symmetric spaces of noncompact type with rk(M) > 2 whose rank one
boundary components are all real hyperbolic spaces are precisely those for which the
restricted root system is reduced, that is, is not of type (BC,). From Proposition
[6.2 we therefore obtain:
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Corollary 6.4. (RANK ONE BOUNDARY REDUCTION) Let M be an irreducible
Riemannian symmetric space of noncompact type with rk(M) > 2 and assume that
rk(M) = i(M). Then the restricted root system of M is not of type (BC, ).

According to Theorem [6.3] the Riemannian symmetric spaces of noncompact
type with tk(M) = 2 = (M) are precisely SO3,.;/5025024k, k > 1, and
SL3(R)/SO3. The corresponding Dynkin diagrams with multiplicities are

o——=0 and o—o .

1 k 1 1
We can easily extract from Table [1] the Dynkin diagrams of rank > 3 with multi-
plicities for which every connected subdiagram of rank 2 is one of the above:

From Proposition [6.2] we thus obtain:

Corollary 6.5. (RANK TwO BOUNDARY REDUCTION) Let M be an irreducible
Riemannian symmetric space of noncompact type with tk(M) > 3 and assume that
rk(M) =i(M). Then M must be among the following spaces:
(1) SL,41(R)/SOy41, 7 > 3;
(2) SO, 4/SOSO -k, 72> 3, k > 0;
(3) Eg /Spa;
(4) E7/SUs;
(5) E5/SO16;
(6) Fi/SpsSpi.

We know from Proposition that the symmetric spaces in (1) and (2) satisfy
the equality rk(M) = i(M). In order to prove Theorem [L.1]it remains to show that
the four exceptional spaces in Corollary do not satisfy the equality rk(M) =
i(M). For M = F{/Sp3Sp; we can apply rank three boundary reduction:

Corollary 6.6. The symmetric space M = F}/Sp3Spy does not satisfy the equality
rk(M) = i(M).

Proof. The Dynkin diagram with multiplicities for Fj}/SpsSp; is
o—o0—0—0.
11 1 1

We see from Theorem that the boundary component By = Sps(R)/Us corre-
sponding to the rank three subdiagram

o—0—>o0

1 1 1
does not satisfy the equality rk(Bg) = i(Bg). The statement thus follows from
Proposition [6.2 ([l

The situation for the exceptional symmetric space E¢/Sp, is quite interesting
as the following result shows.
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Proposition 6.7. Every irreducible boundary component Be of M = E§/Spy sat-
isfies tk(Bg) = i(Bg). However, M does not satify the equality tk(M) = i(M).

Proof. We list the different types of irreducible boundary components of M by
cardinality of ®.

(1) |®| = 1: By = SLo
) |®] =2: By = SLs

(R)/SOy;
(2 (R)/SOs;
(3) ‘(I>| =3: Bq> = SL4(R)/SO4,
(4) ‘CI)| =4: Bcp = SL5(R)/SO5 and Bq) = 502’4/504504;
(5) ‘(I>| =5 Bq> = SLG(R)/SO(; and Bq> = SOg’5/SO5SO5.

As we have shown in Proposition each of these boundary components satisfies
I‘k(B@) = ’L(B@)

We have n = dim(M) = 42 and r = rk(M) = 6. Assume that there exists a
maximal totally geodesic submanifold ¥ of M with d = codim(X) = 6. We first
assume that 3 is semisimple. Then the inequality in Corollary is satisfied and
thus ¥ is a reflective submanifold of M. As usual, we write ¥ = G'/K’, where G’
is the connected closed subgroup of E¢ with Lie algebra g’ = [T,%, T,3] & T,¥ and
K’ = G},. Note that K’ is connected since % is simply connected. Let s € I(M)
be the geodesic reflection of M in X and define 7 : ES — E§, g+ sgs™'. It is
clear that G’, and hence also K’, is contained in the fixed point set of 7. Since s
commutes with the geodesic symmetry of M at p, we have 7(Sps) = Sps. Let H
be the connected component of the fixed point set of 7|5, containing the identity
transformation of Sps. Note that K/ C H. Then Spy/H is a (simply connected)
Riemannian symmetric space of compact type. However, as we observed in the
proof of Corollary we have dim(K’) > dim(X) — rk(M) = 30 and therefore
dim(Sps/H) < dim(Sps/K’) < 6. Since there is no Riemannian symmetric space
of Sps of dimension < 6 we conclude that there is no reflective submanifold ¥ of
M with codim(X) = 6. [Note: This fact can also be seen directly from Leung’s
classification of reflective submanifolds. However, we prefer to give a conceptual
proof here.] Therefore ¥ cannot be semisimple. If ¥ is non-semisimple, then ¥ =
R x SO¢g 5 /505505 by Table 3| and hence codim(X) = 16, which is a contradiction.
Altogether we can now conclude that there is no totally geodesic submanifold in M
with codim (M) = 6. This implies k(M) < i(M). O

R
R

As a consequence of Proposition we can now settle the two remaining cases.

Corollary 6.8. The symmetric spaces M = EI/SUg and M = E§/SO1 do not
satisfy the equality k(M) = i(M).

Proof. We see from Table that the Dynkin diagram with multiplicities for ES/Spy
can be embedded into the Dynkin diagrams with multiplicities for EY/SUg and
E§/S046. This means that ES/Sp, is an irreducible boundary component of both
EI/SUg and E§/SO16. From Proposition [6.2] and Proposition [6.7 we can conclude
that both M = ET/SUg and M = E§/SO16 do not satisfy the equality tk(M) =
i(M). O

Theorem now follows from Proposition Corollary Corollary [6.6]
Proposition [6.7] and Corollary [6.8] We also obtain the following interesting charac-
terization of the exceptional symmetric space ES/Spy:
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Proposition 6.9. The exceptional symmetric space E¢/Spy is the only irreducible
Riemannian symmetric space M of noncompact type with rk(M) > 3 for which
every irreducible boundary component B satisfies tk(B) = i(B) but the manifold
itself does not satisfy rk(M) = i(M).

7. FURTHER APPLICATIONS

In this section we will calculate i(M) for a few irreducible Riemannian symmetric
spaces M of noncompact type using the methods we developed in this paper and
Leung’s classification of reflective submanifolds. We first recall some known results
to put our results into context.

The totally geodesic submanifolds of Riemannian symmetric spaces M of non-
compact type with rk(M) = 1 were classified by Wolf in [I4]. We use the following
notations: RH*' = SO, ., /SO1 14 denotes the (k + 1)-dimensional real hyper-
bolic space, CH¥™! = SU; 114 /S(U1Ui4) denotes the (k+1)-dimensional complex
hyperbolic space, HH**! = Sp; 1,4/Sp1Sp1+1 denotes the (k + 1)-dimensional
quaternionic hyperbolic space, and QH? = F4_20 /Sping denotes the Cayley hy-
perbolic plane. Here, £k > 1. The totally geodesic submanifolds of irreducible
Riemannian symmetric spaces M of noncompact type with rk(M) = 2 were classi-
fied by Klein in [5], [6], [7] and [§]. From Wolf’s and Klein’s classifications we obtain
i(M) for all irreducible Riemannian symmetric spaces M of noncompact type with
rk(M) < 2. Some of the indices for rk(M) = 2 were calculated by Onishchik in
[13]. We summarize all this in Table

TABLE 4. The index ¢(M) for irreducible Riemannian symmetric
spaces M of noncompact type with rk(M) < 2 and totally geodesic
submanifolds ¥ of M with codim(X) = i(M)

M by dim(M) i(M)  Comments
RHk+1 RH* E+1 1 E>1
CcHFH! CH* (and RH? for k = 1) 2(k+1) 2 E>1
HHF! HH* (and CH? for k = 1) 4k+1) 4 k>1
0H? OH', HH? 16 8
SL3(R)/SO3 R x RH? 5 2

803 5, 1/5025051 ) SO, /SO2501 20k+2) 2 E>1
SL3(C)/SUs SL3(R)/SO3 8 3

G3/504 SL3(R)/SOs3 8 3
S505(C)/S05 504(C)/S04, SO3 4/S02503 10 4
SU272+;C/S(U2U2+)C) SU2’1+]€/S(U2U1+]9) 4(k+2) 4 k>1
SU¢ /Sps SL3(C)/SUs, HH? 14 6

G2(C) /G2 G3/S04, SL3(C)/SUs 14 6
Sp2,2/Sp25p2 sz((C)/sz 16 6

S0%,/Us SO} /Uy, SU2,3/S(U2Us) 20 8
Sp2,24k/SP2SP2tk Sp2.14+k/SP2SP1+k 8(k+2) 8 k>1
Eg%/Fy 0H? 26 10

E; '/ SpinioUs 80%,/Us 32 12

Let M be a connected Riemannian manifold and denote by S, the set of all
connected reflective submanifolds ¥ of M with dim(X) < dim(M). The reflective
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index (M) of M is defined by

ir(M) = min{dim(M) — dim(X) | ¥ € §,} = min{codim(¥) | £ € S, }.

It is clear that ¢(M) < 4,.(M) and thus i,(M) is an upper bound for i(M). Leung
classified in [10] and [T1] the reflective submanifolds of irreducible simply connected
Riemannian symmetric spaces of compact type. Using duality this allows us to
calculate 7,.(M) explicitly for all irreducible Riemannian symmetric spaces M of
noncompact type. We list the reflective indices 4, (M) for all M with rk(M) > 3 in

Table Bl

TABLE 5. The reflective index 4,(M) for irreducible Riemannian
symmetric spaces M of noncompact type with rk(M) > 3 and

reflective submanifolds ¥ of M with codim(X) = 4, (M)

M b dim(M) (M) Comments (M) =ir(M)?
SLy+1(R)/SOr41 R x SL-(R)/SO %r(r+3) r r>3 yes
SL4(C)/SUs Sp2(C)/Sp2 15 5 yes
SLT+1((C)/SUT+1 R x SLT((C)/SUT T(T+2) 2r r>4 ?
SU3, 4o/ Spr1 R x SU3, /Spr r(2r+3) 4r r>3 ?
SO:YTJFIQ/SOrSO',qu SO?YTHQ?I/SOTSOTJrk,l r(r+k) r r>3,k>1 yes
SOQT+1(C)/SOQT+1 SOQT(C)/SOQT T(QT -+ 1) 2r r>3 yes
Spr(R)/Ur RH? x Spy—1(R)/Ur_1 r(r+1) 2r—2 r>3 yes for r < 5,
otherwise ?
SUr.»/S(U-Ur) SUp—1,+/S(Ur-1Ur) 2r2 2r r>3 yes
Spr(C)/Spy RH3 x Spr—1(C)/Spr—1 r(2r+1) 4r—4 r>3 ?
SO;,. /Uy SO}, _5/Uzr—1 2r(2r—1) 4r—2 r>3 ?
Sprr/SprSpr Spr—1,r/Spr—1Spr 4r? 4r r>3 ?
EZ?%EgUy Eg ' /SpinioUy 54 22 ?
807 ,./S0,SO; SO¢2_4 ,./SOr—180y r2 r r>4 yes
S502,(C)/SO2, SO2,-1(C)/SO2,—1 r(2r—1) 2r—1 r>4 yes
SUy i/ SUrUrir)  SUprit—1/SUrUpjr—1) 2r(r+k) 2r r>3k>1 yes
SPr,r+k/SPrSPr+k Sprm«l»kfl/sp’l‘spr«kkfl 4T(T + k) 4r r 2 31 k Z 1 yes forr—1 S k}
otherwise ?
SOZT+2/U27<+1 S50}, /U2y 2r(2r+1) 4r r>3 ?
ES/Sp4 F}/Sp3Sp1 42 14 ?
Es(C)/Es Fy(C)/Fy 78 26 ?
EI/SUs R x E§/Spa 70 27 ?
E7(C)/E7 R x Eg(C)/Eg 133 54 ?
E§/S016 RH? x EI/SUsg 128 56 ?
Es(C)/Es RH3 x E7(C)/E7 248 112 ?
F{/SpsSp1 503 5/504505 28 8 yes
E2/SUsSp1 F}/Sp3Sp1 40 12 ?
EZ°/80125m E2/SUsSp1 64 24 ?
Eg?*/BE7Sp E75/50125m 112 48 ?
Fy(C)/Fy SO0g9(C)/SOg 52 16 ?
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As an application of Corollaries [3.5] and [£.4] we will now calculate the index of a
few symmetric spaces. Let ¥ be a maximal totally geodesic submanifold of an n-
dimensional irreducible Riemannian symmetric space M of noncompact type with
r = rk(M) > 2 such that {(M) = codim(X). If ¥ is non-semisimple, then ¥ is
a reflective submanifold by Corollary If ¥ is semisimple and d = codim(X)
satisfies d(d + 1) < 2(n — r), then ¥ is a reflective submanifold of M by Corollary
It follows that if codim(X) < 4, (M) —1 and (i,(M) —1)i,.(M) < 2(n—r), then
Y. is a reflective submanifold. Altogether this implies the following

Proposition 7.1. Let M be an irreducible Riemannian symmetric space of non-
compact type with tk(M) > 2. If

(ir(M) — )i (M) < 2(dim(M) — rk(M)),
then i(M) = i.(M).

The inequality in Proposition [7.1] can be checked explicitly for each symmetric
space M in Table

Corollary 7.2. The following Riemannian symmetric spaces M of noncompact
type with rk(M) > 3 satisfy the inequality in Propositz'on and therefore satisfy
the equality i(M) = i,.(M):
) SLT+1(R)/SOT+1, T Z 3,‘
) SL4(C)/SU4,
) SO$7T+]€/SOTSOT+I@7 r>3,k>1;
) SOQT+1(C)/SOQT+1, r Z 3,’
(v) Spr(R)/U,, 3<r <4;
) SO;”T/SOTSOT, r>4;
) SOQT((C)/SOQT, T Z 4,‘
) SUr,r+k/S(UrUr+k)7 r>3, k> 1,
) Spr,r+k/SprSpr+k; 3<r<k.

We inserted this result into the last column of Table [l
We can also use these methods to determine all irreducible Riemannian symmet-
ric spaces M of noncompact type with i(M) = 4.

Theorem 7.3. (SYMMETRIC SPACES WITH INDEX FOUR) Let M be an irreducible
Riemannian symmetric space of noncompact type. Then i(M) = 4 if and only if M
is isometric to one of the following symmetric spaces:

i) HE*! = Spy 11 /Spr1Spe, k> 1;

(11) SU2,2+1¢/S(U2U2+1€), k > 1,‘

(iil) SOZ 411/504S044k, k > 0;

(iv) SO5(C)/SOs;

(v) Sps(R)/Us;

(vi) SL5(R)/SOs.

Proof. From Tables [4] and [5] and Corollary [7.2] we see that every symmetric space
listed in Theorem satisfies (M) = 4. Conversely, let M be an irreducible
Riemannian symmetric space of noncompact type with ¢(M) = 4 and let ¥ be a
maximal totally geodesic submanifold of M with d = codim(X) = 4. If rk(M) < 2
we obtain from Table[d] that M is one of the spaces in (i), (ii) and (iv). Assume that
rk(M) > 3. If ¥ is non-semisimple, then X is reflective by Corollary If ¥ is
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semisimple and dim(M) — rk(M) > 11, then X is reflective by Corollary |3.5] Thus
we have i,.(M) = i(M) = 4 if dim(M) —rk(M) > 11 and we can use Table |5 to see
that M is isometric to a space in (iii). The symmetric spaces M with rk(M) > 3
and dim(M) —rk(M) < 11 are SL4(R)/SO4 and SO3 ,/S0O3S04 (which both have
index 3 by Theorem [6.3)), Sp3(R)/Us and SL5(R)/SOs5 (which both have index 4
by Corollary . This concludes the proof of Theorem O

The analogous argument does not work for index five. For example, M =
SU3 3/S(UsUs) has i, (M) = 6, but for d = 5 the inequality d(d+1) < 2(dim(M) —
rk(M)) is not satisfied, so we can only conclude i(M) € {5,6} with our results
so far. However, using the classification in [2] of cohomogeneity one actions on
irreducible Riemannian symmetric spaces of noncompact type, we can improve the
inequality in Corollary when codim(X) > 5:

Proposition 7.4. Let M be an n-dimensional irreducible Riemannian symmetric
space of noncompact type with r = k(M) > 2 and let ¥ be a semisimple connected
complete totally geodesic submanifold of M with codim(X) =d > 5. If

did—1)<2(n—r—1),
then X is a reflective submanifold of M.

Proof. As usual, we write ¥ = G'/K’ and identify SO, with SO(v,X). Since
d > 5 and any connected subgroup of SOy is totally geodesic in SOy, we see from
Corollary that the minimal codimension of a connected subgroup of SO, is
equal to d — 1, which is exactly the codimension of SOy4_1. A principal K’-orbit on
¥ has dimension n —d —rk(X), which implies dim(K’) > n—d—1k(X) > n—d —r.
Consequently, if 1(d —1)(d —2) < n —d —r, then dim(K') > 1(d—1)(d —2) =
dim(SOq4-1). The inequality 3(d —1)(d —2) < n—d—r is equivalent to d(d— 1) <
2(n —r —1). If the kernel ker(p) of the slice representation p : K/ — SO(v,X)
has positive dimension, then ¥ is a reflective submanifold by Proposition [3:4] If
dim(ker(p)) = 0, then we must have ¢ = so4 and the action of K’ on the unit sphere
in v, is transitive. This implies that ¥ is a totally geodesic singular orbit of a
cohomogeneity one action on M. It was proved in [2] that with five exceptions any
such orbit is reflective. Three of the five exceptions do not satisfy the assumption
d > 5. The remaining two exceptions are ¥ = G5/Gy in M = S07(C)/SO;
and ¥ = SL3(C)/SUs in M = GS/G5, and both do not satisfy the inequality
d(d—1) <2(n—r—1). It follows that ¥ is reflective. O

Note that the assumption d > 5 in Proposition is essential. For example,
¥ = G3/S0y is a semisimple totally geodesic submanifold of M = SO3 ,/50350,4
with d = codim(X¥) = 4. The inequality in Proposition is satisfied, but X is
non-reflective. For d = 3 the totally geodesic submanifold ¥ = SL3(R)/SO3 in
M = G3/S0, provides a counterexample.

From Proposition [7-4] we obtain:

Corollary 7.5. Let M be an irreducible Riemannian symmetric space of noncom-
pact type and let ¥ be a semisimple connected complete totally geodesic submanifold
of M with codim(X) > 5. If codim(X) = rk(M), then % is a reflective submanifold
of M.

Proof. For d = codim(X) = rk(M) = r the inequality in Proposition becomes
r?+r < 2n—2. It is clear that n = dim(M) > 1#(R) + r, where (R) denotes



MAXIMAL TOTALLY GEODESIC SUBMANIFOLDS AND INDEX OF SYMMETRIC SPACE23

the restricted root system of M. For every root system occuring here we have
r? + 7 < #(R), with equality if and only if (R) = (A,). Altogether this implies
r?2+r < #(R) < 2n—2r < 2n—2 and hence ¥ is reflective by Proposition [l

From Proposition [7.4] we also obtain:

Corollary 7.6. Let M be an irreducible Riemannian symmetric space of noncom-
pact type with k(M) > 2, i(M) > 5 and i,,(M) > 6. If

(ir(M) = 2)(ir (M) — 1) < 2(dim(M) — rk(M) — 1),
then i(M) =i, (M).

Proof. Let ¥ be a maximal totally geodesic submanifold of M such that d =
codim(X) =i(M) > 5. We put n = dim(M) and r = rk(M). If 3 is non-semisimple,
then ¥ is a reflective submanifold by Corollary and hence d > i, (M). If ¥ is
semisimple and d < i, (M), then d(d — 1) < 2(n —r — 1) by assumption and thus X
is a reflective submanifold by Corollary which is a contradiction to d < i, (M).
It follows that d > (M) and therefore i(M) = i,.(M). O

We can use Corollary to calculate a few more indices for symmetric spaces
which cannot be obtained via the inequality in Proposition [7.1] and are therefore
not listed in Corollary

Corollary 7.7. The following symmetric spaces satisfy i(M) = i,.(M):
(i) Sps(R)/Us;

(i) SU,,/SWUU,), r>3;

(iil) Sprr+k/SPrSDr4k, k+1=1r>3;

(iv) Fy/SpsSp1.

Proof. Let M be one of the symmetric spaces in (i)-(iv). It is clear that rk(M) > 2.
From Theorems and we see that ¢(M) > 5 and from Table |5 we see that
i.(M) > 6. It is a straightforward calculation to show that M satisfies the inequality
in Corollary which then implies (M) = i, (M). O

We inserted this result into the last column of Table [Bl
We can now also settle the classifications for ¢(M) =5 and i(M) = 6.

Theorem 7.8. (SYMMETRIC SPACES WITH INDEX FIVE) Let M be an irreducible
Riemannian symmetric space of noncompact type. Then i(M) =5 if and only if M
is isometric to one of the following symmetric spaces:

(i) SO 5.1/SO055054 %, k > 0;
(iii) SLg(R)/SOs.

Proof. From Corollary and Table [5| we see that every symmetric space listed in
Theorem satisfies i(M) = 5. Conversely, let M be an irreducible Riemannian
symmetric space of noncompact type with (M) = 5 and let ¥ be a maximal
totally geodesic submanifold of M with d = codim(X) = 5. From Table 4| we
obtain rk(M) > 3. If ¥ is non-semisimple, then ¥ is reflective by Corollary If
Y is semisimple and dim(M) —rk(M) > 11, then X is reflective by Proposition
Thus we have i.(M) =i(M) =5 if dim(M) — k(M) > 11 and we can use Table
to see that M is isometric to one of the spaces in (i)-(iii). If dim(M) —rk(M) < 11
we saw in the proof of Theorem that i(M) € {3,4}. There is no symmetric
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space M with rk(M) > 3 and dim(M) — rk(M) = 11. This concludes the proof of
Theorem [7.8] O

Theorem 7.9. (SYMMETRIC SPACES WITH INDEX SIX) Let M be an irreducible
Riemannian symmetric space of noncompact type. Then i(M) = 6 if and only if M
is isometric to one of the following symmetric spaces:
(1) SOE6.1/506506+k, k > 0;
(ii) SU3,3+;€/S(U3U3+]€), k>0;
(iti) SUZ/Sps;
(iv) G5/Go;
(V) Sp2,2/Sp2Spa;
(vi) Spa(R)/Us;
(Vii) SO7((C)/SO7,
(viii) SL7(R)/SO7.

Proof. From Tables [4] and [5| we see that every symmetric space listed in Theorem
satisfies i(M) = 6. Conversely, let M be an irreducible Riemannian symmetric
space of noncompact type with ¢(M) = 6 and let ¥ be a maximal totally geodesic
submanifold of M with d = codim(X) = 6. If rk(M) € {1,2} we see from Table
that M is one of the spaces in (iii)-(v). We assume that rk(M) > 3. If &
is non-semisimple, then ¥ is reflective by Corollary If ¥ is semisimple and
dim(M) — rk(M) > 16, then X is reflective by Proposition Thus we have
ir(M) =i(M) =6 if dim(M)—rk(M) > 16 and we can use Tab to see that M is
isometric to one of the spaces in (i), (ii), (vii) and (viii). If dim(M)—rk(M) < 12 we
saw in the proof of Theorem [7.§| that i(M) € {3,4}. The symmetric spaces M with
k(M) > 3and 12 < dim(M)—rk(M) < 16 are SOS 5/SO3S05 and SO3 5/S03506
(which both have index 3 by Theorem [6.3)), SOf ;/S0O4S0, and SOf 5/504505
(which both have index 4 by Theorem [7.3)), SLs(R)/SOg and SL4(C)/SU, (which
both have index 5 by Theorem [7.8)), Sps(R)/Us (which has index 6 by Corollary
and Table , SUs 3/S(UsUs) (which has index 6 by Corollary and Table
5). This concludes the proof of Theorem O

We cannot continue beyond (M) = 6 with our methods. For example, the
symmetric space M = Sp3(C)/Sps satisfies dim(M) = 21 and rk(M) = 3. Thus
the inequality d(d—1) < 2(dim(M)—rk(M)—1) = 34 in Proposition[7.4]is satisfied
if and only if d < 6. However, from Table [5| we know that (M) = 8. Thus we
must have i(M) € {7,8}. We cannot exclude the possiblity (M) = 7 here.

It is worthwhile to point out that the only irreducible Riemannian symmetric
space M with i(M) < i.(M) known to us is M = G%/SO,. This leads us to the

CONJECTURE. Let M be an irreducible Riemannian symmetric space of non-
compact type and M # G3/SOy4. Then i(M) = i,.(M).

We verified the conjecture in this paper for several symmetric spaces and for all
symmetric spaces with ¢(M) < 6 or dim(M) < 20. In the last column of Table
we summarize the current status of this conjecture.
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