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Abstract—In order to predict short-term times series with 
incomplete data, a proposed approach is presented based on the 
energy associated of series. A benchmark of rainfall time series 
and Mackay Glass (MG) samples are used. An average 
smoothing technique is adopted to complete the dataset. The 
structure of the predictor filter is changed taking into account 
the energy associated of the short series. The H parameter is used 
to estimate the roughness of the complete series, the real and 
forecasted one. The next 15 values are used as validation and 
horizon of the time series presented by series of cumulative 
monthly historical rainfall from La Sevillana, Cordoba, 
Argentina and samples of the Mackay Glass (MG) differential 
equation. The performance of the proposed filter shows that even 
the short dataset is incomplete, besides a linear smoothing 
technique employed, the prediction is almost fair. Although the 
major result shows that the predictor system based on energy 
associated to series has an optimal performance from several 
samples of MG equations and, in particular, MG1.6 and SEV 
rainfall time series, this method provides a good estimation when 
the short-term series are taken from one point observations.   

Keywords— Incomplete data; energy associated to series; 
neural networks; time series prediction; nonlinear systems. 

I. INTRODUCTION 
Time series forecasting recently has a preponderant 

significance in order to know which will be the best the 
behavioral of a system in study such as the availability of 
estimated scenarios for water predictability [8], the rainfall 
forecast problem [19] [23] [24], [20] in some geographical 
points of Cordoba, the energy demand purposes [4], the 
guidance of seedling growth [13]. For general feed-forward 
neural networks [16] [17] [18], the computational complexity 
of these solutions grows exponentially with the number of 
missing features.  

The motivation of this work arises out of incomplete data 
that poses a difficulty to the analysis and decision making 
processes which depend on this data, requiring methods of 
estimation which are accurate and efficient. This work 
describes a linear method for approximation problem of 
missing information, which is applicable to a large class of 

learning algorithms [2], [3], including ANNs. One major 
advantage of the proposed solution is that the complexity does 
not increase with an increasing number of missing inputs. The 
solutions can easily be generalized to the problem of uncertain 
(noisy) inputs. 

Various techniques exist as a solution to this problem, 
ranging from data deletion to methods employing statistical 
and artificial intelligence techniques to impute for missing 
variables. However, a linear estimation is employed. 
Furthermore, we make assumptions about the data that may not 
be true, affecting the quality of decisions made based on this 
data. The estimation of incomplete data in vector elements in 
real time processing applications requires a system that 
possesses the knowledge of certain characteristics such as 
correlations between variables, which are inherent in the input 
space [12]. Those are taken from the Mackay Glass benchmark 
equation and cumulative historical rainfall whose forecast is 
simulated by a Monte Carlo approach employing ANN.  

The main contribution here is the forecast system based on 
energy associated to series that uses incomplete data for tuning 
its parameters at the same time the historical recorded data is 
relatively short. The filter parameter is put in function of the 
roughness of the short time series, between its smoothness. In 
addition, this forecasting tool is intended to be used by farmers 
to maximize their profits, avowing profit losses over the 
misjudgment of future movements to maximize their utilities. 
A one-layered feed-forward neural network, trained by the 
Levenberg-Marquardt algorithm is implemented in order to 
give the next 15 values. 

II. METHODOLOGY AND THEORY 

A. Overview on fractional Brownian motion 
In this work the Hurst’s parameter is used in the learning 

process to modify on-line the number of patterns, the number 
of iterations, and the number of filter’s inputs. This H serves 
to have an idea of roughness of a signal, and to determine its 
stochastic dependence. The definition of the Hurst’s parameter 
appears in the Brownian motion from generalizing the integral 



to a fractional one. The Fractional Brownian Motion (fBm) is 
defined in the pioneering work by Mandelbrot [22] through its 
stochastic representation:   
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where, Γ(·) represents the Gamma function               
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and 0<H<1 is called the Hurst parameter. The integrator B is a 
stochastic process, ordinary Brownian motion. Note, that B is 
recovered by taking H=1/2 in (1). Here, it is assumed that B is 
defined on some probability space (Ω, F, P), whereΩ, F and P 
are the sample space, the sigma algebra (event space) and the 
probability measure respectively. Thus, an fBm is a time 
continuous Gaussian process depending on the so-called Hurst 
parameter 0<H<1. The ordinary Brownian motion is 
generalized to H=0.5, and whose derivative is the white noise. 

The fBm is self-similar in distribution and the variance of 
the increments is defined by: 

                        ( ) 2( ) ( ) H
H HVar B t B s t sν− = −                 (3) 

where ν  is a positive constant.   

B. Data treatment 
The proposed work shows the next fifteen short time series 

prediction values in the field of meteorological variables such 
as cumulative rainfall [14]. The dataset chosen is from 
historical data 2004 to 2011 from La Sevillana establishment, 
located at Cordoba, Argentina shown in Fig. 1. 

 
Fig. 1 Cumulative Monthly Rainfall of La Sevillana (SEV) 

 

The original dataset (SEV) used is incomplete and contains 
79 data of cumulative monthly rainfall data, in which there are 
14 months values incomplete resulting in a non-determinist 
series, respectively. This kind of behavior is difficult to predict 
because seasonality is not well-determined by few data. For the 
sake of making a fair prediction, a linear smoothing was 
employed to replace the incomplete data. This consists of 

averaging on vertical column shows in Fig. 2, the prior and 
posterior value that corresponds to the same year. 

C. Mackay-Glass time series 
The second benchmark of series is obtained from solution 

of the MG equation. This equation serves to model natural 
phenomena and has been used in earlier work to implement 
different methods of comparison to make forecast [6],  which is 
explained by the time delay differential MG equation [22], 
defined as 
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where α, β varies and c=10 are parameters and τ=100  is the 
delay time. According as τ increases, the solution turns from 
periodic to chaotic. Thereby, a time series with a random-like 
behavior is obtained, and the long-term behavior changes 
thoroughly by changing the initial conditions to obtain the 
stochastic dependence of the deterministic time series 
according to its roughness [6]. 

In this work the Hurst’s parameter is used in the learning 
process to modify on-line the number of patterns, the number 
of iterations, and the number of filter’s inputs of the ANN. This 
H serves to have an idea of roughness of a signal [21] and the 
time series are considered as a trace of an fBm depending on 
the so-called Hurst parameter 0<H<1. The MG benchmark 
chosen are called MG085, MG1.6 and MG1.9. 

 
Fig. 2 Average technique adopted to complete the rainfall dataset. 

III. PROBLEM FORMULATION 
The main issue when forecasting a time series is how to 

retrieve the maximum of information from the available data. 
In this case, the lack of data in the dataset is taken into account 
in order to predict one step ahead for the filter based on ANN. 
It is proposed to fill the absence of data by using prior and 
posterior data. Four dataset are built following Fig. 2. In the 
first one, the lack data is completed by taking the same 
ensemble of data of the past year. The second one by using the 
same ensemble of the next year, the third one is completed 
with zeros and lastly is filled in by averaging the prior and 
posterior year. The same analogy is used to construct MG05 
and MG1.8 dataset solution of (1).  

The coefficients of the ANNs filter are adjusted on-line in 
the learning process, by considering a criterion that modifies 

ja feb mar ap may ju jul au se oc nov dic Annual

2004 x x x x x x x x x 67 163 119 349 

2005 119 142 242 47 0 0 15 52 2 57 80 77 833 

2006 101 139 110 72 0 0 0 3 0 58 140 150 773 

2007 45 52 348 30 10 0 0 0 24 6 50 32 597 

2008 163 247 74 x x x x x 20 52 70 40 666 

2009 42 75 259 0 0 22 10 21 25 37 267 202 960 

2010 137 128 177 20 61 0 0 8 40 64 35 103 773 

2011 243 59 63 65 x x x x x x x x 430 

Average 121 120 182 39 14 4 5 17 19 49 115 103 788 



at each pass of the time series the number of patterns, the 
number of iterations and the length of the tapped-delay line, in 
function of the Hurst’s value (H) calculated from the time 
series according to the stochastic behavior of the series, 
respectively. 

In this work, the present value of the time series is used as 
the desired response for the adaptive filter and the past values 
of the signal serve as input of the adaptive filter [11]. Then, 
the adaptive filter output will be the one-step prediction signal. 
In the block diagram of the nonlinear prediction scheme based 
on an ANN filter is shown. Here, a prediction device is 
designed such that starting from a given sequence {xn} at time 
n corresponding to a time series it can be obtained the best 
prediction {xe} for the following sequence of 15 values. 
Hence, it is proposed a predictor filter with an input vector lx, 
which is obtained by applying the delay operator, Z-1, to the 
sequence {xn}. Then, the filter output will generate xe as the 
next value, that will be equal to the present value xn. So, the 
prediction error at time k can be evaluated as 

                             ( ) ( ) ( )n ee k x k x k= −                               (5) 
which is used for the learning rule to adjust the ANN weights. 

IV. PROPOSED APPROACH TO CALCULATE THE ENERGY 
ASSOCIATED OF SERIES 

A. Approximation by Primitive of Integration 
The area resulting of integrating the data time series of MG 

and rainfall data series is the primitive, that is obtained by 
considering each value of time series its derivate [5]; 

                          ( )
1

1

k

k

t

t t k k
t

y dt y t t
+

+≅ −∫                            (6)  

where yt is the original value time series. The area 
approximation by its periodical primitive is: 
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During the learning process, those primitives are calculated 
as a new entrance to the ANN, in which the prediction attempts 
to even the area of the forecasted area to the primitive real area 
predicted. The real primitive integral is used in two instances, 
firstly from the real time series an area is obtained and run by 
the algorithm proposed. The H parameter from this time series 
is called HA. On the other hand, the data time series is also 
forecasted by the algorithm, so the H parameter from this time 
series is called HS. Finally, after each pass the number of inputs 
of the nonlinear filter is tuned —that is the length of tapped-
delay line, according to the following heuristic criterion. After 
the training process is completed, both sequences - { } { }{ },n eI I  

and { } { }{ },n ey y - in accordance with the hypothesis that 
should have the same H parameter. If the error between HA and 
HS is greater than a threshold parameter θ the value of lx is 
increased (or decreased), according to lx ± 1. Explicitly, 

                             ( )x xl l s i g n x= +                          (8) 

Here, the threshold θ was set about 1%. 

V. PREDICTION RESULTS 

A. Generations of areas from benchmark 
Primitives of time series are obtained from sampling the 

MG equations with parameters shown in Table I, with τ=100, 
c=10 and varying β, α. This collection of coefficients was 
chosen to generate time series whose H parameters vary 
between 0 and 1 [15] and [16]. In fact, the chosen one was 
selected in accordance with its high roughness. 

TABLE I.  PARAMETERS TO GENERATE THE MG TIMES SERIES 

Series No. β α c H 
MG0.85 0.85 20 10 0.21 
MG1.6 1.6 20 10 0.029 
MG1.9 1.6 30 10 0.24 

TABLE II.  PARAMETER OF LA SEVILLANA RAINFALL SERIES   
Series No H 

SEV 0.28 

B. Performance measure for forecasting 
In order to test the proposed design procedure of the ANN -

based nonlinear predictor, an experiment with time series 
obtained from the MG solution was performed. The 
performance of the filter is evaluated using the Symmetric 
Mean Absolute Percent Error (SMAPE) proposed in the most 
of metric evaluation, defined by 
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where t is the observation time, n is the size of the test set, s is 
each time series, Xt and Ft are the actual and the forecasted 
time series values at time t respectively. The SMAPE of each 
series s calculates the symmetric absolute error in percent 
between the actual Xt and its corresponding forecast value Ft, 
across all observations t of the test set of size n for each time 
series s. 

C. Forecasting Results  
Each time series is composed by samples of MG solutions 

and La Sevillana rainfall time series. Three classes of data sets 
are used. The first one is the original time series used by the 
algorithm to train the predictor filter, which comprises 64 
values. The next one is the primitive obtained by integrating 
the original time series data. The last one is used to compare if 
the forecast is acceptable or not, in which the last 15 of 79 
values can be used to validate the performance of the 
prediction system. A comparison of roughness is made 
between the rainfall time and MG series.  

The Monte Carlo method was used to forecast the next 15 
values from La Sevillana rainfall series (SEV), MG085, 
MG1.6 and MG1.9 time series and their primitive. Such 
outcomes are shown from Fig. 2 to Fig. 5. The plot shown in 
Fig. 2 and 4 are from H dependent ANN. Fig 3 and Fig 5 are 
obtained by the proposed approach. 
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Fig. 3. ANN  algorithm for MG085. 
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Fig. 4. Primitive of MG085 time series. 
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Fig. 5. ANN algorithm for MG1.6. 
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Fig. 6. Primitive of MG1.6 time series. 
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Fig. 7. ANN H independent algorithm for MG1.9. 
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Fig. 8. Primitive of MG1.9 time series. 
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Fig. 9. ANN algorithm for La Sevillana rainfall series. 
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Fig. 1. Fig. 10. Primitive of La Sevillana rainfall series. 

TABLE III.  TABLE III. COMPARISONS OBTAINED BY THE PROPOSED 
APPROACH 

Series No. HS HA SMAPE 
Fig.3 1.8806 1.7738 1.74e-11 
Fig.5 0.6426 0.6423 0.510 
Fig.7 0.5512 0.5593 0.258 
Fig. 9 1.3226 1.4002 5e-3 

 
The algorithm achieves the long or short term stochastic 

dependence measured by the Hurst parameter in order to make 
more precisely the prediction. The forecasted time series area is 
put as a new entrance to the ANN and serves to be compared 
with the real primitive obtained of the time series. 

The figures show a class of high roughness time series 
selected from a benchmark of MG Equation and compared 
with SEV rainfall series. These are classified by their 
statistically dependency, so the algorithm is adjusted by 
depending on the H parameter. At Table III shows a good 
performance when it takes into accounts the roughness of the 
series considering the use of the stochastic dependence 
measured by the H parameter. 

CONCLUSIONS 
In this work, short-term rainfall time series prediction with 

incomplete data by means of energy associated of series was 
presented. The learning rule proposed to adjust the ANNs 

weights is based on the Levenberg-Marquardt method and 
energy associated to series as a new input. Likewise, in 
function of the short-term stochastic dependence of the time 
series evaluated by the Hurst parameter H, the performance of 
the proposed filter shows that even the short dataset is 
incomplete, besides a linear smoothing technique employed, 
the prediction is almost fair. The major result shows that the 
predictor system based on energy associated to series has an 
optimal performance from several samples of MG equations 
and, in particular, MG1.6 and SEV rainfall time series. These 
were considered as a path of a fractional Brownian motion [7] 
whose H parameter measured belongs to a class of high 
roughness signal, which is assessed by HS and HA, respectively. 
This approach encourages forecasting meteorological variables 
such as moisture soil series, daily and hour rainfall and water 
runoff when the observations are taken from a single point. 
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