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We give a complete description of the anti-involutions that preserve the principal gradation of the algebra of matrix quantum
pseudodifferential operators and we describe the Lie subalgebras of their minus fixed points.

1. Introduction

The W-infinity algebras naturally arise in various physical
theories, such as conformal field theory and the theory of
quantum Hall effect. The W, algebra, which is the central
extension of the Lie algebra D of differential operators on
the circle, is the most fundamental among these algebras.
The representations of Lie algebra W, were first studied
in [1], where its irreducible quasifinite highest weight rep-
resentations were characterized. At the end of that article,
similar results were found for the central extension of the Lie
algebra of quantum pseudodifferential operators &, which

contains as a subalgebra the g-analogue of the Lie algebra D,
the algebra of all regular difference operators on C*. Here and
further, g is not a root of unity.

In [2], certain subalgebras of the Lie algebra D were con-
sidered, and it was shown that there are, up to conjugation,
two anti-involutions o, on D, which preserve the principal
gradation. These results were extended to the matrix case in
[3], where a complete description of the anti-involutions of
the algebra D™ of the N x N-matrix differential operators on
the circle preserving the principal Z-gradation was given.

Analogously, in [4] it was shown that there is a family of
anti-involutions 0., on &, (¢ = £1, k € Z), up to conju-
gation, preserving the principal gradation. The goal of this
paper is to extend these results to the matrix case, where the
global image seems to be richer and more complex.

The paper is organized as follows: in Section 2 we
give a complete description of the anti-involutions of the

algebra &', \; of Nx N-quantum pseudodifferential operators,
preserving the principal Z-gradation. For each n € N with
n < N, we obtain, up to conjugation, two families of anti-
involutions that show quite different results when n = N and
n < N. To exhibit their differences in detail, they are studied
separately in Sections 3 and 4, respectively. In Section 3, the
anti-involutions give us two families 6’;’&1\] of Lie subalgebras
(e = 1, r, k € Z) fixed by -0, y. Then, we give a geometric
realization of o, , concluding that & ;’)’;\;N is a subalgebra of
& g of orthogonal type and cS’;)’Ir\’]N is a subalgebra of &, ; of
symplectic type. In Section 4, the families o, ,, with 1 < n <
N, give us two families of Lie subalgebras ST, (e = +1) fixed
by —o, . We give a geometric realization of o, concluding
that é’;ﬁ, is a subalgebra of &,  of type o(n, N —n) and &,
is a subalgebra of &'  of type osp(n, N — n).

2. Quantum Pseudodifferential Operators

Consider C[z,z7'] the Laurent polynomial algebra in one
variable. We denote by &' Z the associative algebra of quantum
pseudodifferential operators. Explicitly, let T, denote the

operator on C[z,z™'] given by
T,f () = f(q2), o)

where g € C* = C \ {0}. An element of 52 can be written as

a linear combination of operators of the form z* f (T,), where



{ is a Laurent polynomial in T,. The product in cS’Z is given
Y

(=" £ (T,)) (<9 (7,)) = 2" f (qkTq) 9(1,). @

Now let §'; denote the Lie algebra obtained from &7 by

taking the usual commutator. Let S; = [& o S q]. It follows

that

=9 ; @ CT; (direct sum of ideals) . (3)

Let N be a positive integer. As of this point, we shall
denote by MatyK the associative algebra of all N x N-
matrices over an algebra K and by E;; the standard basis of
Mat,,C.

Let 87 = &, ® MatyC be the associative algebra of
all quantum matrix pseudodifferential operators, namely, the
operators on CV[z,z '] of the form

E=¢.(2) Tf; + e (2) T;H +tey(2),

(4)

where e, (z) € MatyC [z, z_l] .

In a more useful notation, we write the pseudodifferential
operators as linear combinations of elements of the form
z f )A, where f is a Laurent polynomial, k € Z and
Ace MatNC The product in Sq)N is given by

("1 (1,)4) (9 (1,) B)
=" f (qkTq) a(T,) AB.

Let &,y denote the Lie algebra obtained from &7, with
the bracket given by the commutator; namely,

[2"f (1) .2 (1,) B]

©)

(6)
m+k k m
=" (f(d'T,) 9(T,) AB- £ (T,) 9 (4"T,) BA).
The elements sz;”El-j (kez meZ,ijefl...,
N}) form a basis of & .
Define the weight on & by
wtz" f (T,) E;j =kN +i— j. (7)

This gives the principal Z-gradation of 53,1\1 and 8, \, the
latter of which is given by &, y = D je7 Sy, ;- This allows the
following triangular decomposition:

SN = San+ @ Sano @ SN (8)

where S v = Djez, Sqn,jand Sgn- = Djez, Sonj-

An anti-involution o of § Z,  is an involutive antiautomor-
phism of 52»1\’; thatis, o* = Id, o(ax+by) = (a)o(x)+(b)o(y),
and o(xy) = o(y)o(x), foralla,b e Cand x, y € 52»1\" From
now on we will assume that |g| # 1.
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As we intend to classify the anti-involutions of 52,1\1
preserving its principal gradation, we shall introduce some
notation. For each n, 1 < n < N, define the permutation 7,
in Sy, by

1 2 -n-1nn+l1 --- N-1 N
1l U l l )
nn-1--- 2 1 N n+2 n+1l.
Letusfixn, 1 <n < N,Bandc = {ci)j}, G € C,i>j
and write
1 ifi<n
Oicpy = (10)
0 ifi>n.

We define o = 0, 3, in cS’;)N by the following formulas:

0 (E;) = Ey (. >

0 (2E;) = £2E . () i)
o (T,Eq) = Ba """ T, By .0,
i B, ; ifi<morj>n
{zq]Eﬂn(])n(,) ifi>nand j<n, )
(i>j),
’1E ifi>norj<n
{ @ ifi<nand j>n,
(i<j).

Theorem 1. Let1 <n < N. 0 = 0, 3, defined on generators
by (11) extends to an anti-involution on S;’N which preserves
the principal Z-gradation if and only if

Gj = Gi-1G-1,i2"""C

ij j+1,j° (12a)

G i, G, () = 1 ifi<nor j>n,

) (12b)
G\ iy, (j) = T if i>nand j<n.
Moreover, any anti-involution o of 8§ which preserves
the principal Z-gradation is of the form o, g _ .

The proof will mainly consist of several steps making use
of the involutive property of ¢ and the relations between the
generators E; ;.

Proof. Fixi € {I,...,N}

Step 1. Because o should preserve the principal Z-gradation,
we have o(E;;) = Zi\il U; ;(T,)E; ;. Given the fact that o is an
anti-involution, we get o(E;;) = U(E” ) = o(E;;)o(E;;) =
Z;\il(Ui’j(Tq))zEj,j, so U ;(T,) = i,].(Tq). Taking into con-
sideration the positive and negative degrees of these Laurent
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polynomials, we arrive at U; (T ) = a;;, where a; ; are con-
stant elements such that a; ; = a;;. This gives us a;; = 0

ora; = 1foreveryi,j € {1 N} We also know that
N

Ei,i = az(Ei,i) = Z] 1% Zk 1 ]kEkk So, 1 = ZJ 1 %,j4i

and 0 = 271 a; ;aj) for k # i. So, for each i there exists a

unique j; such thata;; = a,; = 1 and g; i = = 0 for any

1 Jr i>t
j # ji-And g ja;, = 0 for every j,iand k # i. In particular,
;. = 0fork # i,s0a;; = 0foranyk # i, obtaining
that o(E;;) = E; ;. Due to the injectivity of o, (i) = j; is
a permutation in Sy, and since ¢ is an involution, we have
2 .
n° =id.

Step 2. Again, due to the fact that o should preserve the
principal Z-gradation, we may assume that o(T,E;)

Zij (T)E anda(T E ijl i)j q E; ;. So,

o (T,E;) =0 (T,E;E;)=0(E;)o(T,E;)

N
71(1) (i) <ZPJ] ( ) > (13)
J

=1
=P 4 (Tq) E iy mi)-

Proceeding similarly with o(Tq_lEi)i), we have
-1
4 (Tq Ei,i) = Hiz) (Tq) Eri) nti- (14)
Combining these two equations, we have
Ertyniy =0 (Ei,i) =0 (T EHTqE )

=0 (TqE, o (T;Eiﬂ-) (15)

= Py (Ty) Hiniy (Tg) Exymtr

So, 1 = P ;(T)H;,;(T,) and, as consequence, they
must be units of the Laurent polynomial ring. Therefore, we
can assume P(T,) = P, ;) (T,) = BT and H;;;,(T;) =

B'T, ", with B; e a:x and k; € Z. 50, o(T,'E;;) is then

determlned by o(T,E;)).
Now, let us note that we can write Tk E;; Tk 'E, iTgEi
= (T, ”) for every k € Z. 'Iherefore,
k.
TLE;; = (Tqu 1) =0 (BiTq’Ena),n(i))

_ ki ki ki) 16)
- ( (T En(z)nf))) _BiBﬂ(i)Tq Ei.

So, B; 7_[(1) = land k;k,; = 1. This gives us the following
alternatives k; = k,;) = lork; = k,; = 1.

Step 3. Since wt(z*'E;;) = +N and o should preserve

the principal Z-gradation, we can assume o(zE;;) =
N - S1¢N &

zzj:l T,-,j(Tq)Ej)j and o(z 1El-,l-) = z lzj:1 Ti,]-(Tq)Ej,j

Using a similar argument to the one used in Step 2 and

denoting T; i ,)(T ):=T; (T ) and Tl 7T(,)(Tq) = Ti(Tq), we can
deduce that T] and T = 0 for j # n(i), and also Ti(Tq) =
AT? and Ty(T,) = ,Tq‘”, with C; = A7'q", A; € C*, and
r; € Z.So,

ZE;; = o’ (ZEi,i) =0 (ZAiTL;iEn(i),n(i))
=A; i0 (T En(z) (i) ) i o (ZErt(i),n(i)) (17)

7i Kyt TiKnn(iy g
= AiA Bl d 0 2T 0O,

Therefore, we have rk ., + 7 = 0 and
A, Aﬂ(I)Bn(l)q =" = 1. On the other hand,
i K
T E;; =0 (2T,E;) =0 (zAiBl-T; G E iy my)
ki ki+r
= AiBiq o (TqEﬂ(i),n(i)) (ZETT(I) (i) ) (18)

_ ritk; itk (ritk;) ek (Kitr) 41
= A;A ) BB iq o R o OF, ..

We can therefore conclude that k) (k; +1;) +1,; = 1 and
ritk; kivkng (ri+k;)

AjAnoBB g
the previous step, we get 1 = g
Ifk; = 1, then ¢ = 1. Since we assumed that g is not

a root of unity, it is easy to check that these are not antiauto-
morphisms. Therefore, k; = -1, B; = By and r ) = i

= 1. From this last equation and
ki+1

By now,
o (Eii) = E i)nti)>
o (zE;) = A;zT" o Exiy (i)
(19)
-1 -1 1, _~lgm;
o (Z Eii) = Ai qr V4 T; En(i),n(i)’
(Tquz) B T ET[(I ), (i)
where
T _—T;
AAypnBig ' =1, (20)

and also B; = B,; and r,;) = r;, for Aj, A, (), B; € C*, and

r; € Z.

Step 4. Suppose i > j. As an implication of the Z-grada-

tion preservation property of o, we have that o(E;;) =
N-i

2 1’+’C’](T ELiji + Zl N+ j41 zCl (T )Ej,i_j_n,- Since

U(Ell 1]) - U(E )U(E,,,) = O'(E )E (i), (i)> we can deduce

o (Ey;)
) {Ci’j (Tq) Eryvizjm()

—i,j . . . .
zC (Tq) E?T(i)+i—j—N,7T(i) if 7 (l) >N-i+ ]t 1,

if m(i)) < N—i+j (21)

where C(T,) = C*/, (T,) and C"/(T,)) = Cyi (T,).



Similarly, ifi < jand O'(El]) = ] i 718 (Tq)EN+l+,-7j,l+
Zl:j—i+1 ;J(Tq)Em_j,z’ we deduce

o (E;;)

Sl]( ) (i) +i—j,m(i)

—1ghJ . . ..
z'§ (Tq)En(i)+i—j+N,7r(i) if w@i) <j—i,

if @) =j-i+1 (22)

where S/ (Tq) = ﬂ(l)(T ).
Casel. Leti > j,with (i) < N —i+ j:
2 i
E;j =0 (Ey;) = 0 (CY(T,) Expsicjms)

=0 (Ci’j (Tq) En(i)+i—j,n(i)+i—jEn(i)+i—j,n(i)) ;

using (21), we must have w(n(i) + i — j) < N —i + j because
we would otherwise get z in the right hand side above, so

E;; = 0 (Entiyrieimy) 0 (C7 (Ty) Eniysicjintiyeis)

i)+i—j,m(i)
( i—j,7m(i Tq) (i) +i—j)+i— ]ﬂ(ﬂ(i)+i—j))

(23)

: (C ( (i) +i— ]T 1) 7r7r(i)+i—j),71(n(i)+i—j)) (24)
Cn(z)ﬂ g (i ( )CI,J( i JTq—l)
-E

(i) +i—j)+i—j,m (i) +i—j) -

Then, C/(B,,; T, 1y and C™@+=in ) (T,) are units of
the Laurent polynomial ring and n(j) = 71(1) +i—j
Therefore, because B; = B, we can write C”(J)’”(’)(Tq) =
G j)ﬂ(,-)T;"(j)’"("’ and C*/(B T =, jT;"”' , with

Gj * Ca(iymti) = L>
Sa(i)n(i) = Sijp (25)

thus C*/ (Tq) =g ]BJ”T

Case 2. Leti > jand if n(i) > N —i + j + 1, in the same way,
using simultaneously (21) and (22) in order to take care of z
that appears in O‘(Ei)]-), we have 1(m(i)+i— j—N) < N+j—i;
thus,

E;j=0"(E;;) =0 (2C" (T,) Exgpui i)
= 0 (Exyei-j-na)

10 (CY(T,) Ex

"(Z 1) imj-No(i)+iej— N)

(z 15 ri=j=Non) (Tq)) (Ci’j (Bn(i)+i—j—NTq_ 1))

i)+i—j— Nn(z)+z—j—N)
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. (A TT(i)+i—j_NzT;ﬂ(i)+i7j,N )

: Err(n(i)+ifj7N)+i*j,rr(rr(i)+i7ij)

~7(i)+i—j—N,7(i)
= Anyri-j-NS (qTq)

o (q_an(i)+i— iNTy 1)

'(T "E iy tiej-N)+imji(n(i )+i—j—N))'
(26)
Therefore, j = n(n(i) +i— j— N) and we can assume
An(] (), 71(1)( T )Tr )TPT!(] a0 and Cl](q_lB 1) _

G T ”,w1th

n(] (i

dﬂ(j),?‘t(i) . Ci,j = 1)
Pr(jynty = ~Mij> (27)

i,j — ii mi,. _mt
thus C*/ (T,) = ¢ ;4 ™/ B} T,

Case3.Leti < jandm(i) > j—i+1:
Eij=0"(E;;) =0 (87 (T,) Enyeiciny)

=0 (Sl'] (Tq) Eryvicjmtiyri-jEniyvie j,n(i)) ;
using (22), we must have m(n(i) +i— j) > j—i+ 1 in order to
avoid getting z ™" in the right hand side above. So

By = 0 (Enyri-sin) 0 (87 (Ty) Enysi-sintoi-s)
= (SO (T Y E i ioimtaysiy)
(8 (BaysiciTy ) Entatii-pontntini-p) 29)

— gr+i=jn) (Tq) Sh (Bn(i)”*jT‘;l)

(28)

* Erntiy i j)+iejn(rti) +iej) -

Then, j = 7((i)+i-j) and S¥/(B; T, ") and "V 47(T )
are units of the Laurent polynomial ring, so we can assume
ST = dyymTg ™ and SY(BT,Y) = d; T;",
with

d;-d

7(j),m(i) =1

Un(jnti) = ~Hij> (30)
i,] i,
thus S ( ) dIJB] ]T
Case 4. Leti < jand if (i) < j — i, since o is an involution,
we make use of (21) and (22) simultaneously to take care of

z " appearing in o(E; j)- In order to do this, we require (N +
n(i)+i—-j)=—-i+j+1. So

Ej=0" (E;)= (Z_IS (Tq)En(i>+i—j+N,n<i))

=0 (E,T(,')+i—j+N,ﬂ(i))
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i,
o (S (Ty) Exysi-jenmtisi-jon )
-1
.o (Z En(,')+i_j+N,n(i)+i—j+N)
—r(i)+i- N () 3§ ~
= (ZC (Tq)> (S (Bﬂ(i)”‘f*NTq )>

-1 T (i) +imj+N 1 Tr(i)+i- ]+N)
(An(z)+1 ]+Nq "z T

: En(n(i)+i—j+N)+i—j,rr(n(i)+i—j+N)
-1 i —~7(i)+i—j+N,m(i)
=An(i)+i—j+Nq e (q Tq)
obJ -1
- (an(i)+i—j+NTq )
V(i) +i-ji+
Ty ™" ™ Epa(iysic jo Ny e jn(ay e jN)-
(31)
Then, j = n(n@) + i - j + N). Once again, with
ohj - - ff(] - T
S (qBqul) and An}j)qrm ( T )T v bemg units
of the Laurent polynomial ring, we can write g (qB- h =
d T,J and Aﬂ(])q n(] n(l)( -l )T Tr(j) ])71(1)T ])7((1)
w1th
d jCn(j)m(i)
“Cn(j)ml) = b, i (32)
~isj b b il
thus §"(T,) = d; ;4" B}' T,
Step 5. Let i > j; then, by Step 1, E ;) .y = 0(E;;)

G(E,] ],) a(E i )O‘(E’ ;). Using (21) w1th condition (i) <
N-—i+j, wehave that r[(j) = 71(i)+i— j; therefore, 7r(j) > i—j+1
trivially. So,

_ i ij
Enynty =S (Tq)E,T(j)ﬂ-_iﬂ(,-)C (T,) Exyeicjonsy

= d; ;6B BT,

| (33)
* Entiyonti
with

“Sij T Ujp
(34)
1=d,c;B "B},
We can finally rewrite S’](T ) = _1 .sj’iT;j’i ifi < jand
n(j)zi-j+ 1L
Now, in the casei > jand (i) > N —i + j+ 1 in (21), we
have 72(j) = 7(i)+i— j— N and it is immediate that 77(j) < i—j;
then,

En(z)n U(EII) 0( ]z)a(Ei,j)
= (7'M (T,) Enntie i)
(2C(T,) Eniyaij-nm)

( ;g BT, E, m(,))

5
'(zci,jq UB UT J)n(z))
—m. . i pMij 0
Gicid By BTy ™ "V ErGiynii)
(35)
So,
mi,j = _b]la
(36)
d —c q "Mji B J'B Jx

Because of this, we have S*/ (T,) = c;ilB;mj’iT;n "ifi < j
and 71(j) < j—i.
Thus, we can rewrite (21) and (22) as the following: for
i>j
o (Ey;)

si, _sl,
| 6B Ta 7 Entyeicjmty
26,54 "B} Ty

ifr()<N-i+j  (37)
Y Entysiojnmy i () 2N =i+ j+1

and fori < j
o (E;;)
—1 pSjirSji
3 {C]’,i B, Ty Eryvicjmt)

-1 _—1p MjigMji
Z27¢;i B, T " EniysiojeN (i)

if m(i)>j—-i+1 (38)
if (i) <j—i.

We now intend to determine the permutation 7. So, let i, be
such that 77(i;) = N. In Cases 1 and 3, 7r(j) = (i) +i— jand
it is easy to see that

n@i-1)=

Moreover, since in Case 2 71(j) = 7(i) +i— j — N, we have
n(iy — 1) = 1. Since 7 is a bijective map, we conclude that 7
must be 77, given in (9) where n = i, — 1.

Let us note that ifi < n,n(i) = n—i+ 1,and ifi > n,
7(i) = N+n+1—-i. Asa consequence, we can easily see that if
i> j, m(i) < N—i+ j(Casel) corresponds to the choicei < n
or j > n, and the case in which j < nand i > n corresponds
to (i) > N —i + j (Case 2). Similarly for i < j, wheni > n
or j < n, we have 71(i) > j — i (Case 3) and the case in which
i <mand j > n corresponds to 71(i) < j —i (Case 4).

Computing széEi,j = O‘Z(ZkTéEi, ;) in the four cases for
k > 0 and [ > 0, with their corresponding restrictions, we
have the following.

In Case 1, where i > jandi < nor j > n, we get

m (i) +1 for any i# i,. (39)

—I+kr;

Cl,jcn(j),n(i)BiB IA Aﬂ(])q ri = 1, (40)

_Sn’(i),n’(j) + Si - kr + krn,(] 0. (41)
Regarding (41), when k = 0 we deduce, combining (41)
with (25), that s; ;=0.
On the other hand, from k = 1 in (41) combined with the
fact that v, = r;, we getr; =r;.So,r; = {r, i <m7, i >n}.
Now, due to (25) and (40), withk =0and/=1: B, = B;.

So,B; = {B, i <mB, i >n}.



. If we consider k = 1 and [ = 0 in (40) and (25), we have
B/q "A;A;) = 1. Using (20) and the fact that A, = A,
wegetA; = A;.So,A; = {A, i <mA, i >n}. Thus,

A (Bg') =1 (42)
resembling [4], and

X (Bg?) =1 (43)
In Case 2, wherei > jandi > n > j, we have

K= n) B A Ak+1ql—27k+rk(k—1)/2+(k+1)mn(,-)vn(j)

-1
G, (i) () B

(44)
=1,
Moty T Mij —kr+(k+1)r=0. (45)
Regarding (45), when k = 0, we deduce that
M) T M +7 = 0. (46)

On the other hand, when k = 1in (45), M) ;) +m;; — 7 +
2r = 0. Combining the last two items, we get 7 = r.

Now, due to (44) with kK = O and I = 0,
G ]cm () B M) Ag"0+0) = 1. Combining this with (44),
we get that for arbitrary values of k and [,

_l+krBA Akql—27k+rk(k—1)/2+km,,(,-)ﬂ(j) -1 (47)

If we consider k = 0 and I = 1 in the last equation, we get
B'Bg = 1.S0, B = ¢ 'Band due to (42) and (43), A= Aq.
Finally, when k = 1 and I = 0 in (47), g""®~0 is constant
for everyi > n > j.So,m, = mforeveryr >n>s.
Now, because of (46),

2m+r = 0. (48)

Lettingk = 2and ! = 0in (47), we have BerZAzq_3r+2m =
1. Since A° = A’q, B A*q ™ = 1, resulting in ™" = 1
because of (42). So, m = 0 and, by (48), r = 0 and in (42) and
(43), this implies A" = A? = 1.

Again, letting k = 1 and ! = 0 in (47), AA = 1 and
combining this with the previous equation, we get A = A =
+1.

Cases 3 and 4 give the same results.

We have thus arrived at the final relations of (11).

Now, recall that we have, for 1 < i < N, E.; .
o(E;;) = o(E;; \E; ;) = 0(E;_1;)0(E;; ). So, rewriting (37)
and (38) for these cases, we have

o (E, )= Gi1En(yiiqe (@) <N
1) =
: z¢i 1 Ein if m(i) =N
(49)
(E ) 1—11 1Eni-1-1,26-1) ifm@-1)>1
o i—1,i =
i1 2 Eny if r(i-1)=1.
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Ifi > j,since 0(E; ;) = 0(E;;_ Ej_y ;5" Ejyy j), we get (12a).
Finally, (12b) are results of (25) and of (44) w1th k = 0 and
I = 0 and taking into consideration that m = 0 and r =

On the other hand, it is straightforward to check that o
defined by (11) is indeed anti-involution of é’g, finishing the

proof. 0
Corollary 2. If N = n, the anti-involution 0 = 0 p . is
given by
( ) E (1),m,(i)>
-1
0 (T,E;i) = BT, Ex 7,0
o (zE;) = zAT;Enn(i)ﬂ“(i),
1 1 (50)
a(z Ei,-) A qrz T Eﬂﬂ(l) (i)
GiEr Gy 1>
G(Eif) i [ e
i Enypmy 1 1<

where A, B, ¢ ;,r € C, A*(Bq ") = 1landg
(12a) and (12b).

j verify relations

Proof. If n = N there is only Case 1 to be considered in the
proof of Theorem 1. O

Remark 3. Case N = 1 coincides with [4].

We will now concentrate on the implications of condi-
tions (12a) and (12b). First, let us note that, as a consequence
of (12a), all coefficients ¢; ; are completely determined by

G=¢Cup i=1L..,N-1, (51)
and the upper condition of (12b) can be written as ¢;*¢; ;1) =
1 (i # n—1) by (39). Combining the lower condition of (12b)
with (12a), we get +1 = ¢, (cn 1) ™ = 6, [1i(6) ™" = [Tizn(c) ™"
Also, let us note that the permutation 7, is given by two
simple permutations of the sets {1,...,n}and {n+ 1,..., N}.

Thus, (12b) reduces to

GG, =1 (1<i<n), (52
Cn+1CN1=1 (1Si<N—1’l),
= ]_[c,.. (53)
i#n

Let N = t+nand let us analyze the previous formulas. If n
(resp., t) is even, by (52) we have HKnc = ¢,; and (%/2)2 =1
(resp., [[isnG = Gurie/2) a0 (Gur/2) )* = 1). The coefficient ¢ Cu2
(resp., G, (¢/2)) Will be called a fixed point.

Case —. If N is even and

(1) n is even, condition (53) is satisfied if there are two
fixed points: one of them must be 1 and the other one
must be equal to -1,

(2) n is odd, then there are no fixed points and (53) is
impossible. Thus, there is no anti-involution in this
case.
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If N is odd, then n or ¢ is even and we have only one fixed
point that must be equal to —1.

Case +. For any N, condition (53) is satisfied if the (possible)
fixed points are all equal to 1.

From now on, we will consider separately cases N = nand
n < N in an attempt to exhibit more clearly their particular
results.

3.Casen=N

3.1 Lie Subalgebras of S, . Let & 2}]\3,’”’1\’ denote the Lie sub-
algebra of & \ fixed by minus 04 5. 3 namely,

ABerN
“S)q,Ncr = {a €SN Oapern (@)= —a}, (54)
where 04 5 ... n» for heClw,w '], is given by

OABcr,N (Zkh (Tq) Ei)j)
(55)
_ Aqu(k*l)r/szh (Bq*kqul) T:rE

m(j),m(i)*

Note that ¢, , from [4] agrees with oy g, 5 for N = 1.

Let us now analyze the relation among oS’A,’f}’C’r’N for
different values of A, B, ¢, , and N. To that end, let s € C and
denote by 6, the automorphism of 8§  given by 6,(M) = M,
O,(zI) = zI, and 6(T,I) = q’'T,I, where M € MatyC and
I stands for the identity matrix. It is easy to check that 0,
preserves the principal Z-gradation of é?ZN‘ Making use of
the equation for o, p .., pointed out in (55), we have

GSOA,B,c,r,Ne—s = O-q"A,q’sz,c,r,N, (56)

which resembles [4], when N = 1.

Similarly, let & = {oc,-,j} (i > j) satisfying (12a) and (12b).
Denote by T,, the automorphism of &7\, defined by I, (zI) =
zI, l"a(TqI) = TqI, and

o iE; j ifi>j
Iy (Ei,j) = 1 e (57)
o By ifi<
Let o, := 04 ., then, we have
o, - Ty=0.4=001"0, (58)

where (c - a); ; := ¢ jo; j and (oc_l),-,j = (xi_,]-l. Observe that ¢ - o

and a! also satisfy (12a) and (12b). Using (56) and (58), we
have the following.

A,B,c,r,N
q.N

A, B, and c are isomorphic to &e’?\’,l’r’N, where € is 1 or -1 and
1 is the matrix ¢ with ¢; = 1 except for the fixed points that are

1 or -1, which keep their sign.

Lemma 4. The Lie algebras § for arbitrary choices of

We shall introduce some notation in order to give an
explicit description of this family of subalgebras.

7
First, we will write o, \y and & ZS\,N instead of 0, ; , ny and
S;ﬁ;l’r’N. Also, for any matrix M € Mat,,,..,,(C), define
to_
(M) j = My jmer-io (59)

that is, the transpose with respect to the “other” diagonal.
Recall the anti-involutions on & q = Sg1 givenin [4]:

o.p, (2 (T,)) = @2) ¢ “ V2 £ (Bg*T,") T (60)

An extension of ¢, 5, to a map on Maty,n(S,)
o.S’q ® Maty,n(C) can be made by taking [0, 5,(M)]; ;
Gi,B,r(Mi,j)'

Case +. We define the following map on Maty, (S ,):

M =6, (M"). (61)
Explicitly, the anti-involution 0,y on 8, = S, ®
Maty(C) is given by
0N (M) = (M"), (62)
where M € Maty, (S ,) and
S ={M: M+ M" =0} (63)

Case —. Now, consider the following map on Maty,n(S,):

oo
M= O—gr

(M"). (64)
Then, 0_, y on &, y is explicitly given by
o (M) = (M), (63)

where M € Maty,n(S,). And
-rnN *
SN ={M:M+M" =0} (66)

Let usnote that § Z,’;’,N are Lie subalgebras of & y and that
T, and #, are antiautomorphisms.

Remark 5. Replacing t by T (usual transpose) in (61) and (64)
gives us another family of involutions that we shall denote

by UL’N, which do not preserve the principal Z-gradation.
Moreover, the corresponding subalgebras are not Z-graded
subalgebras of &, y, even though they are isomorphic to the

others using M = JMTJ7!, where J is the following N x N-
matrix:

J=1 1t (67)

This way, we get Ad; o criT’r’N =0.,N-



3.2. Generators of § Z:R,N . We can now give a detailed descrip-
tion of the generators of & Z’SIN .

Let us denote Clw, w_l](e)’j (where € = 1 or e = —1) the
set of Laurent polynomials such that f (w™) = —(e)/ f(w).

Note that CS’;’NN = {x 0., n(%) : x € S \} and observe
that by (60)

di,q,r <zk (q(kil)/qu)kr/z f (q(kil)/qu))

= (x2)* (q(kfl)/qu)kr/2 f ((q(kfl)/qu)%) '

Here and in the following we will use the description of
the elements in the subalgebras used in (63) and (66). The

following is a set of generators of & Lol

{Zk (q(k—l)/qu)kr/Z (f (q(k-l)/qu) By

(68)

~ @ F (@ T ) Ejas) ke Z £ (69)

eC[w,w_l], 1Si<j§n},
and the generators on the opposite diagonal are

{zk (q(k—l)/qu)kr/Z f (q(k—l)/ZTq) Epoi ke, f

(70)
eC [w,wil](e)’k, 1<i< n}.

3.3. Geometric Realization of o, , . In this subsection, we
give a geometric realization of o, , y. The algebra & \ acts

on thespaceV = CN[z,z '] and we define two bilinear forms
onV:

B, (h’ g) = Res, ((Dr (hT) Ig) g (71)

where | = z %]y, Jy as in (67), and @, : V — V given by
@, (h(2)) = h(+z), h(z) € V.

Proposition 6. (a) The bilinear forms B, are nondegenerate.
Moreover, B, is symmetric and B_ is antisymmetric.
(b) Forany L € Sy and h, g € V we have

B, (Lh,g) = B, (h’ (Tq_kr/zai,r,N (L) T,};r/z) (g)) , (72)

where L = sz;“/zp(Tq)(M). In other words, L and

Tq"kr/ zai,,,N(L)Té"/ * are adjoint operators with respect to B,.

Proof. (a) The statements are straightforward.
(b) Let L = 2T p(T,)(M), h = 2", and g = Ze,,
Recall that

L (h) _ zk+uquu/2P (qu) (Mep) ,
(73)

oy pn (L) (9) = (i’l)k Zs+kq5kr/zp (q_k_SH) MTeq.

Advances in Mathematical Physics

So,
B (1(%,) 2%,
= Res, (2" ¢™p (") egMTz_ZINzSeq (74)
= 0 4™ p (4") Sprurss (M)

On the other hand, we have

B, (h, 0y, (L) 9)

(pa)

- Re s, (il)k+u Zu+k+s—2qskr/2p (q—k—s+1) e'II;INMTeq
(75)

_ ((il)k+u qSkr/26k+u+s,1p (q—k—s+l) ]NMT)(p,q)

= ( (+1)k+ qSkr/2 p (qikiﬁl) StrurstINM T)q,,q) .

Note that if we multiply (74) by g**"/? and (75) by g™*/2,
we get

B, (L (z“ep) , Ttl;r/zlzseq)

(76)
=B, (Tkr/zlz e, 0., (L) zseq).

It is easy to prove that, for « € C,
(T“Iz e, z'e ) B, (z”ep,ai,,’N (T;‘I) zseq) . (77)

Making use of this result in (76), we can see that

B, (0y,n (T‘l;r/zl) L (zuep) ,zseq)

(78)
=B, (z”ep, OirN (T;HZI) 0., (L) zseq) .
Thus, as expected, we get
B, (L (z”ep) , zseq)
(79)
=B, (z“ep, (T‘;kr/zl) 0.,y (L) (T‘I;r/zl) zseq) .
O

Remark 7. In a similar fashion, we can define the following
nondegenerate bilinear forms on V:

B (h, g) = Res, (@, (1) Jzg). (80)
where
Jr =21, (81)

with I, the nxn identity matrix, and it easily follows that they
satisfy

B, (Lh,g) = B, (b T,"a} (DT g),  (82)

where a: , were defined in Remark 5.



Advances in Mathematical Physics

4.Casen < N

4.1. Lie Subalgebras of S, . Let S;:ffc’" denote the Lie subal-
gebra of § \ fixed by minus 0, 5,2

Son ={ae Syn 1 0upen(a) = -a}. (83)
As in the case n = N, we analyze the relation among &7’ naon
for different values of B, ¢, and n. Let s € C and denote
by 0, the automorphism of ‘SZ,N given by 0,(M) = M,
O,(zI) = zI, and O(T,I) = q'T,I, where I stands for the
identity matrix and M e MatyC. Clearly 0, preserves the
principal Z-gradation of 5;,1\1- As before, we have for this case
the following:

eso‘i,B,c,nefs = 04 q%Ben (84)

Leta = {a; j} (i > j) satistying (12a) and (12b) and denote
by I, the automorphism of &7 defined by I, (zI) =

I(T,I) = T,I, and
I (E;j) = - JIEU %f 1 ’ ] (85)
a B ifi<
Letting 0, := 0, 3 ,,» we have
o, I, =0.,=T1-0, (86)
where (c-a); ; = ¢; je; ; and (o~ ) ;]1 Note that ¢ -« and

a Lalso satisty (12a) and (12b). Maklng use of (84) and (86),
we have the following.

ichn

Lemma 8. The Lie algebras S ;" for arbitrary choices of B

and c are isomorphic to oS’qN , where €islor—1and]l is the

matrix ¢ with ¢; = 1 except for the fixed points that are 1 or —1,
which keep their sign.

Remark 9. Due to thislemma, we can find a complex number
s such that B = q. Moreover, recall that, in the case n = N, we
find a complex number such that A = +1 (which makes B = g
as a consequence). So, in both cases, the subalgebra & 2}5’5’“"

+1,q,1,r,n
is isomorphic to oS’ %

both cases is regardmg r: while r takes an arbitrary value in
thecasen = N,ifn < N r happens to be 0.

We will write 0, , and &7, instead of 0, 5 . , and oS’+ en
with B = g and ¢ = 1. As in the previous section, for any
matrix M € Mat, . (C), we define

and the only distinction between

mxn

T
(M)i,j = Mn+1—j,m+1—i’ (87)

that is, the transpose with respect to the “other” diagonal.
Recall once again the anti-involutions on &, = &, given

in [4]:

Gipy (zkf (Tq)) = (xg)f gtk ¢ (qukqul) T;". (88)

We extend 6,5, to a map on Mat,,(5,) = S, ®
Mat,,,(C) by taking [¢, 5, (M)];; = 65,(M;;). Now let
t=N-n.

Case +. We define the following maps:

M= s g0 (M*),

B = z_lc}q,q,o (BT),
(89)
Ch =zd,,,(C"),

D" =4,,,(D"),
where M € Mat,,,(S8,), B € Mat,,,(5,), C € Mat,,,(S,),

and D € Mat,,,(§,). We can write the anti-involution o, ,, on
San = Sq @ Maty(C) explicitly as

M B Mt Ch
0+,n C D = BTZ DT4 > (90)
Son

={( ):M+MTI=0,D+D“=0}.
_BTz D

—Band B = —C,
TS =

The factthat o, ,(a) = —a implies C™ =
and these two conditions are equivalent because (B™)
B. Moreover, proving that 6’;1’\‘] is a Lie subalgebra of &,
by direct computations requires using the fact that ¥, and
t, are antiautomor thms and the identities B = z7'B™,
Ch = zC™, (B™)" U Bz7! = B™, and so forth.
Observe, however, that ¥, and T3 are not antiautomorphisms.
The following identities are also useful:

O4.q0 (z 04,0 (zkf (Tq))) = (Zkf (Tq>)z_1
oo (g (P (1)) = (5 (1)

(92)

Case —. As we have seen in the analysis following equation
(53), the case N even and n (also t) odd is impossible.
Therefore, we may suppose, due to the symmetry, that t is
even. Now, we shall consider the following maps:

M* =0 (M),
B = Z_l('f_’q’o (BT) ;

(93)
C™i=26_,,(C),

(D),

*4 —
D*=0_,,
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where M € Mat,,,($8,), B € Mat,,(§,), C € Mat,,(S,),
and D € Mat,(S,). Then, the anti-involution o_, on &
is explicitly given by

M B M™ C*
o_, = . B (94)
"\C D B*2 D™
SN
M B (95)
= ( . ):M+M*‘:O,D+D*4:O .
-B* D

As before, condition o_,,(a) = —a implies C** = —B and
B™2 = —C, and these two conditions are equivalent due to the
fact that (B™)™ = B. Moreover, proving that &’} is a Lie
subalgebra of &', ; by direct computations requires using the
fact that %, and =, are antiautomorphisms and the identities
B*» = z7'B*1, D* = zD*,(B**)*' = Bz}, B*z"! = B*?,and
so forth. Once again, *, and #; are not antiautomorphisms.
We also need to use

g0 (ziléﬂq»O (zkf (Tq))) =" (zkf (Tq)) z
G0 (271040 (21 (1,)) =27 (£ (T3)).-

Remark 10. Replacing t by T (usual transpose) in (89)
and (93) gives another family of involutions denoted by
azn. These involutions do not preserve the principal Z-
gradation, and the corresponding subalgebras are not Z-
graded subalgebras of &, but they are isomorphic to the
others using the same argument in Remark 5.

4.2. Generators of &;;, In this subsection we give a detailed
description of the generators of $77%.

Let us denote C[w, w ']/ (wheree = 1 ore = -1) the
set of Laurent polynomials such that f (w™h) = —(e) f(w).
Andlet] = 0iflis odd and I = 1 ifl is even.

Recall that

Gugo (1 (a*VPT,)) = 2 £ ((4%VP1,) ) O7)
and also

Guro (ZF (47°1,)) = &) £ (*°T,"). (98)

Therefore, the following is a set of generators of S,

using the description of the elements in the subalgebras given
in (91) and (95).

(i) For block M, where 1 <i, j<mn,

{zk (f (q(k_l)/2Tq) Eipi-j
A Yook o0

eC[w,w_l], 1Si<j§n},
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and the generators on the opposite diagonal are

{Zkf (q(k_l)/qu)Ei,rﬁl—i : k € Z’ f

(100)
(e)k

EC[w,wfl] ,ISiSn}.

(ii) For blocks B (and C), wherei <nand j>n(or j<n
andi > n),

[ (/@) By
_ (e)k z—lf ((q(k—l)/ZTq)*1> EN+1—j,n+1—i) -k (101)

EZ,fEC[w,w_l], 1<i<n, lgjsN—n}.

(iii) For block D, where i, j > n,

{Zk (f (qk/qu) Epine1-j

~ (T ) Epjnirsi) k€2, f 0 (102)
eC[w,w_l], 1Si<j§N—n},
and the generators on the opposite diagonal are
kof k
{Z f(q /qu) Epinn-itk€Z, f
(103)

eC[w,wil](e)k, ISiSN—n}.

4.3. Geometric Realization of 0, ,. In this section, we give a
geometric realization of o, ,.

The algebra &, \ acts on the space V' = CV[z,z7"] and
we define two bilinear forms on V:

B, (h,g) = Res, (CDi (hT) ]g) ,

z_2]n 0
] = 1 >
0 z'J,

with @ : V' — V given by @, (h(z)) = h(+z), h(z) € V, and
J,, as in (67). Observe that V = C"[z,2 '] x C'[z,z '] is the
orthogonal decomposition of V. Now, consider the following
proposition.

(104)

where

(105)

Proposition 11. (a) The bilinear forms B, are nondegenerate.
Moreover, B, is symmetric and B_ is symmetric in the subspace
C"lz,z"] and antisymmetric in C' |z, z .

(b) Forany L € S,y and h, g € V, we have

B, (Lh,g) = B, (h, 0., (L) 9); (106)

that is, L and o, ,(L) are adjoint operators with respect to B,.
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Proof. (a) The statements are straightforward.

(b) Let L = zkp(Tq) (€ D), h=2z",and g = z’¢, beas

shown previously. Recall that

+u u M B
L(hy = 2p (q )(C D)ep,

0., (L) (g) = (1) (107)

ok ( pa* )M zp(a7) C*)
4 eq.

Z—lp (q—k—s+l) BT p (q—k—s) DT

B, (h,0., (L) g) = Res, (+1)*™ zk+u+se§ (

-2
z ],

0 z"llt

1

So,

B, (L (z”ep) , zseq) =Res, (1) Zk+uP (a")

T B ' Zﬁz]” 0 s z+u
-e ( ) ~ Ze, = (1)
P\Cc D 0 z'J, (108)

u 6k+u+s,1MT]n 8k+u+s,0CT]t
p(q") :
(P

T T
6k+u+s,1B ]n 6k+u+s,0D ]t

On the other hand, we have

0 )( plg™ )M’ Zp(q'”)CT>eq

Z—lp (q—k—s+1) Bt P (q—k—s) Dt

= (x1)"™ <8k+u+s,1p (q_k_ﬁl) ]n]VIT Oferurso P (q_k_S) LICT) (109)
- Opcrues, 1 P (q_k_m) JiB! OkrursoP (q_k_s) J.D! (pa)

— (il)z-t-up(qu) <

As the last two results are equal, we finish the proof. [

Remark 12. In a similar fashion, we can define the following
nondegenerate bilinear forms on V:

B} (h,g) = Res, (@, (h") Jrg), (110)

o (Fh0 ()
- , 1
T\ o 2

with I, the nx n identity matrix, and it easily follows that they
satisty

where

B, (Lh,g) = B, (h,o,, (L) g), (112)

where oin were defined in (67).
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