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1 Introduction

For a < b, let Q :=(a, b), and let y> 0. Let p € (1,00) and m € LP'(Q) (where as usual we define p’ by
1/p + 1/p’ = 1) be a possibly sign changing function, and consider the problem

—('P2uY = mu™? inQ,
u>0 in Q, (1.1)
u=0 on 0Q.

One-dimensional singular problems involving the p-Laplacian like problem (1.1) arise in applications such as
non-Newtonian fluid theory or the turbulent flow of a gas in a porous medium (cf. [11, 22]), and they have
been widely studied over the years if m is nonnegative. We cite, among many others, the papers [1, 2, 17—
19, 24, 25]. However, to the best of our knowledge, there are no results available in the literature when m is
allowed to change sign in Q. Let us note that if m has an indefinite sign, (1.1) becomes a much more involved
problem. In fact, (when m changes sign) these problems are quite intriguing even when (1.1) is sublinear
(i.e., y € (1 - p, 0)), and only lately existence of positive solutions have been obtained in this case (see [14]
for p € (1, ), and [13] and its references for the special case p = 2).

On the other side, for the Laplace operator (that is, p = 2) problem (1.1) has recently been considered
in [12] for sign changing functions m. Our aim in this article is to establish similar results in the general
situation 1 < p < oo, adapting and extending the approach developed in [12] combined also with some of
the ideas in [14]. Let us mention that this is far from being trivial due to the nonlinearity of the p-Laplacian
and its corresponding solution operator. Moreover, we remark that some of the conditions presented in this
paper improve the ones found in [12] for the Laplacian operator.

In order to derive our results we shall mainly rely on the well-known sub- and supersolution method. The
major difficulty here (as with various nonlinear problems with indefinite nonlinearities) is to find a (strictly)
positive subsolution. We shall provide such subsolution by means of Schauder’s fixed point theorem applied
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to some related nonlinear problems. More precisely, in Theorem 3.1 (i) we shall give a sufficient condition
on m that assures the existence of solutions of (1.1) for all y > 0 small enough, and further conditions are
stated in Theorem 3.1 (ii) without the smallness restriction on y (see also Remark 3.2 below).

On the other hand, two necessary conditions on m are exhibited in Theorem 3.3 (see also Remark 3.4).
Let us point out that the first of the aforementioned sufficient conditions on m turns out to be also “almost”
necessary (compare (3.1) with (3.7), and see the last paragraph in Remark 3.4). Finally, as a consequence of
the above theorems, we shall prove in Corollary 3.5 an existence result for singular nonlinearities of the form
m(x)f(u) with no monotonicity nor convexity assumptions on f.

We conclude this introduction with some few comments on some related open interesting problems.
Based on the results in [14] for the analogous sublinear problem, we think that similar theorems to the ones
proved here should still be true replacing the p-Laplacian by operators of the form

Lu = —(lu'P~2u’) + cOolulP2u,

where ¢ > 0 in Q. We note however that, for instance, the proof of the key Lemma 2.4 does not work in
this case and it is not clear how to adapt it. Also somehow similar results should be valid for the analogous
n-dimensional problem (in fact, this occurs when p = 2 (and ¢ = 0), see [12, Section 4]; and also [8-10] for
related elliptic problems), and in our opinion proving this if p # 2 is not a trivial task. Let us finally mention
that in the one-dimensional case one could also consider (1.1) with the so-called ¢-Laplacian in place of
the p-Laplacian, that is, taking (¢>(u'))’ instead of the p-Laplacian, where ¢ is an increasing odd homeomor-
phism with ¢(R) = R (for singular problems with the ¢-Laplacian we refer to the book [23, Part II]).

2 Preliminaries

For 1 < p < 0, let £ be the differential operator given by
Lv = (V'[P
We start collecting some necessary facts concerning the problem
{ Lv="h(x) inQ,

2.1
v=0 on 0Q). (21

Remark 2.1. Let h € LI(Q), g > 1. It is well known that (2.1) admits a unique solution v € C*(Q) such that
|v'|P=2v' is absolutely continuous and that the equation holds in the pointwise sense. In fact, if

@p(t) := |tP2t fort#0, ,(0):=0,

and ‘Pﬁl denotes its inverse, it can be seen that

X y
v(x) = J go;,1<ch - j h(t) dt) dy, (2.2)

where ¢y, is the unique constant such that v(b) = 0 (see e.g. [5, Section 2]). Furthermore, the solution
operator $ satisfies that $ : L9(Q) — C1(Q) is continuous (e.g. [20, Lemma 2.1] or [21, Lemma 4.2]) and
$: L1(Q) — C(Q) is compact (cf. [5, Corollary 2.3]).

The so-called weak comparison principle shall be repeatedly used along the paper, and so we state it here for
the reader’s convenience (for a proof, see for instance [7, Corollary 6.5.3]).

Lemma 2.2. Letu,v ¢ Wé’p(Q) be such that u < von oQ and Lu < Lv in weak sense in Q, that is,

b b
Jlu'lpfzu’go’ < I VIP=2v'p' forallo< g e Wé’p(Q).
a a

Thenu <vinQ.
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The next remark compiles some properties concerning the first eigenvalue of the p-Laplacian and its corre-
sponding eigenfunctions.

Remark 2.3. There exists a first eigenvalue A1 (Q) > 0 and @ ¢ W(l,’p(Q), [P~y = 1, satisfying

LD =1,(Q®P ! inQ,

>0 in Q, (2.3)
D=0 on 0Q.
Moreover,
_( Tp )P n 2n(p - 1)»
/\1(9)—<b_a , where my:= —psin(g) s

and @ is a multiple of the function sin, (7, (x — a)/(b — a)) which is strictly positive and symmetric in Q and
increasing in (a, (a + b)/2) (see e.g. [7, Section 6.3]; and for the precise definition and further properties
of sinp, see e.g. [15] and [3, Section 2]).

In the following lemma we establish some useful upper and lower bounds for S(h). We write as usual
h = h* — h~ with h* := max(h, 0) and h~ := max(-h, 0). We also set

b6q(x) :=dist(x, 0Q) = min(x — a, b — x).

Lemma 2.4. Letp € (1, 00) and h € L9(Q) for some q > 1.
(i) Ifh > 0, thenin Q it holds that

b L
S(h) < <j h> 5a. (2.4)
a
(ii) LetI := (xg,x1) € Qand let xg := (xo + x1)/2.If
Xo b
infh > 4(1) max((xI —apt J W (b - xp)P J h), (2.5)
a X1
then in Q it holds that )
8(h) > min(H,, Hp)716q, (2.6)
where
inf; h h inf; h i
L niy - . I -
Ha 1= M D (xp — a1 Jh P A(D(b - xp)p1 J’ ’

Proof. Let us prove (i). We assume here without loss of generality that h # 0. Then by the strong maximum

1 1
principle (e.g. [6, Theorem 2]), 8(h) > 0 in Q. We observe now that ¢! = t# for t > 0 and ¢! = —|t|77 if
t < 0, and so using (2.2) we discover that

X

S(h)'(x) = <p;1(ch - [ no dt)

isnonincreasing because h > 0. Hence, $(h) is concave in Q and thus it must hold that S(h)'(b) < 0 < $(h)'(a)
and therefore

b
O<cp< Jh(t) dt. 2.7)

Noticing that go;l is increasing and (2.7) we get that

1

b
S(hY' (@), 1(h)' ()] < (j h)

and then from the concavity of (h) we derive (2.4).
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On the other side, let I := (xo, x1) € Q, and let A1(I) > 0 and ® > 0 with | ®| ;1) = 1 be the correspond-
ing normalized positive eigenfunction for the p-Laplacian in I, that is, satisfying (2.3) with I in place of Q.
Suppose that (2.5) holds (in particular, inf; h > 0) and fix A* := A;(I)/inf; h. In order to prove (ii) we start
building some 0 < u € Wé *P(Q) such that Lu < A*h(x) in weak sense in Q. Its construction is inspired in some
of the computations made in the proofs of Theorems 3.1 and 3.5 in [14] and [13] respectively. Let us first point
out that since0 < ® < 1,

LD =A; (DD’ <A*h(x) inl (2.8)
On the other hand, define
1 ¥
Cq = W -A Jh .
a
x y 1
p-1
v(X) := J(ca +A* Jh‘) dy, xe€la,xq].
a a

(Recall that xj := (xo + x1)/2, and note that c, > 0 due to (2.5).) It is easy to check that v is increasing and
convex, v(a) = 0and Lv = -A*h™(x) < A*h(x) in (a, xg). Also, (2.5) implies that h > 0 in I and thus

X1 Xo p%l
IVliLeo(a,x) < I(Ca +A* Jh‘) dy = 1.
a a
Similarly, if for x € [x;, b] we set
b
1
=—— A" | h7,
b (b —xpp-1 J
b b 1
p-1
w(x) := J(Cb +A Jh‘) dy,
x y

then w is decreasing and convex, w(b) = 0, Lw < A*h(x) in (x7, b) and |Wllfeo(x;,p) < 1.
Now, since v(a) = w(b) = ®(xg) = @(x1) =0 and [|[V]eo, [Wlleo < 1 = [|®P]s, and since @ is increasing
in [xo, x;] and decreasing in [x;, x1] (see Remark 2.3), reasoning as in [13, proof of Theorem 3.1 (i)] we find

some X, € (Xo, X7) and X1 € (xg, x1) such that
v(Xy) = D(xy),  DP(X1) = wxy), (2.9)
V(X)) < @' (x,), @'(x1) <w(x1). '

Let us define a function u by u := v in [a, x,], u := @ in [x,, X1] and u := w in [X1, b]. (We mention that
if xo = a, in order to build u we only use ® and w, if x; = b then we do not need w, and if I = Q we simply
put u = @.) Taking into account the above paragraph, (2.8) and (2.9), a simple integration by parts gives that
Lu < A*h(x) in weak sense in Q. Moreover, since

1 1
vi(@)=cg' and -w'(b)=c]",

by the convexity of v and w and the aforementioned monotonicity properties of @ it follows that
u > min(cg, cb)ﬁég inQ,

and from the weak comparison principle (see Lemma 2.2) the same estimate is also true for S(A* h). Further-
more, by the homogeneity of the differential operator £ we get that

min()cl‘f, Cp) )p%l&g inQ

which in turn yields (2.6), and this ends the proof of the lemma. O

S(h) > (

Remark 2.5. Let us note that in particular (ii) establishes the strong maximum principle and Hopf’s lemma
for the operator £, even if h changes sign in Q. Moreover, it provides explicit lower and upper bounds for
8(h)'(a) and $(h)'(b) respectively, in terms of Q, p and h.
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Letf: Q x (0, co) — R be a Carathéodory function (that is, f( -, &) is measurable for all ¢ € (0, o) and f(x, -)
is continuous for a.e. x € Q). We consider next singular problems of the form
Lu=fx,u) inQ,
u>0 inQ, (2.10)
u=0 on 0Q,

in a suitable sense. We say that v € Wllo’f (Q) N C(Q) is a subsolution (in the sense of distributions) of (2.10)
ifv>0inQ,v=00n0Q, and

b b
J VP2 ¢ < Jf(x, v)p forall0 < ¢ e CP(Q).

Analogously, w € Wllo’f(Q) n C(ﬁ) is a supersolution of (2.10) if w > 0in Q, w = 0 on 0Q, and

b b
J |W’|P—2W’¢’ > Jf(x, w)g forall0 < ¢ € C°(Q).

a

For the sake of completeness we state the following existence theorem in the presence of well-ordered
sub- and supersolutions (for the proof, see [16, Theorem 4.1]).

Theorem 2.6. Assume there exist v, w € C1(Q) sub- and supersolutions respectively of (2.10), satisfyingv < w
in Q. Suppose also that there exists g € LP (Q) such that |f(x, Ol <gx)forae.x e Qandall & € [v(x), w(x)].

o loc
Then there exists u € C1(Q) N C(Q) solution (in the sense of distributions) of (2.10) withv < u < w, that is,

b b

jm”¢2w¢’=jﬂXJU¢ forall ¢ e C2(Q).

a
Remark 2.7. If m € L4(Q) with ¢ > 1 and m* # 0, one can quickly verify that (1.1) possesses arbitrarily big
supersolutions. Indeed, let i := §(m*) and let us choose 8 € (0, 1) and ¢ > 0 satisfying
_ p-1 1
B'_p—1+y’ o= ik
Notice that p# € C1(Q)nC(Q), PP = 0on d9Q and P# > 01in Q by the strong maximum principle. Also, a simple
computation shows that
L(m/)ﬁ) - _(Uﬁ)P—l(|¢/|P—2¢'lp(ﬁ—1)(p—l))’

- (Gﬁ)p—l(m+(x)lp(ﬁ—1)(p—1) -(B-1)(p- 1)|l/)’|pll,(ﬁ—1)(p—1)—1)

> (Oﬁ)p_1m+(x)l/)(ﬁ_1)(p"1)

> m* (x) (o)

> m(x)(oyP)™" in Q'

for all Q' e Q, and hence o)? is a supersolution of (1.1).

3 Main results

We denote
P° := interior of the positive cone of C(l)(Q)

(that is, the functions v € C1(Q) with v(a) = v(b) =0, v>0 in Q, v'(a) > 0 and v'(b) < 0), and for any
I = (x0, x1) € Q we shall write
_ Xo + X1

Xyt 5 . Cr = max(xl—a,b—xl).
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Theorem 3.1. Let m € LP'(Q) and y> 0.
(i) Suppose
$(m) € P°. (3.1
Then there exists yo > 0 such that problem (1.1) has a solution u € P for all y € (0, yo].
(ii) Suppose m’68’ € L9(Q) with q > 1. If for some I = (xq, x1) € Q it holds that

Xo

b
infr m+ p-1+y B B p-1
M > Cyp,Q.l max(] m‘SQy, j m‘50y> , (3.2)

(_[: m*)Y a X1

e (51 50 (50 o

then problem (1.1) has a solution u € C*(Q) n C(Q), and u € P° whenever m+6(_2y e L"(Q) withr > 1.

where

Proof. Since Remark 2.7 provides arbitrarily large supersolutions of (1.1), it suffices to find a subsolution.
Let us start proving (i). We first observe that (1.1) admits a solution for m if and only if it has one for Tm for
any constant 7 > 0, and therefore we shall also assume without loss of generality that S(m*) < 1in Q.

Dueto(3.1), wecanfixe > Osuch that§(m) > 2e6q in Q. We also pick yo > 0such that for everyy € (0, yo]
it holds that m‘%y € L"(Q) with r > 1. Since 8 : L(Q) — C(Q) is a continuous operator for any r > 1 (see
Remark 2.1), making y, smaller if necessary, we obtain that for all such y it holds that

§(m* -m (e6q)") > €6q inQ. (3.3)
Define now the set B
C:={v e C(Q):ebq <v<8(m*)in Q},
and for v € Clet u := §(m* - m~v7?) := T(v). Utilizing (3.3) and the weak comparison principle we see that
§(m*) >8§(m* -mvY)=u>8(m"-m(e6q)") > ebg inQ

and hence u € C. Furthermore, one can verify that v - m* — m~v7? is continuous from € into L"(Q) for
some r > 1, and thus employing the compactness of the solution operator § (cf. Remark 2.1) we deduce
that 7 : € — C is continuous and compact. It follows from Schauder’s fixed point theorem that there exists
some v € C solution of

(3.4)

Lv=m"(x)-m (x)v? inQ,
v=0 on 0Q.

Moreover, v € C1(Q) and, since v < 1 (due to v < §(m*) < 1), it follows from (3.4) that v is a subsolution

of (1.1). Therefore, recalling Remark 2.7 and Theorem 2.6 we obtain some u € C1(Q) n C(Q) solution of (1.1).

Finally, decreasing }, if necessary so that m* 63} € L"(Q) with r > 1, by standard regularity arguments we get

thatu € C1(Q), and also u € P° in view of the fact that u > c8q for some ¢ > 0. This concludes the proof of (i).
In order to prove (ii) we proceed similarly. We shall prove (ii) for Tm, where

() ()

Since g < (b - a)/2 in Q, employing (2.4) one can check that §(tm*) < 1 in Q. We shall also assume that

Xo b Xo
max(j m‘%’/, j m‘b’g’) = J m‘%y (3.5)
a X1 a
because the other case is completely analogous. We define next
Xo

inf, m* - _
L LA J ms, 1= ( Tcz’l’)” T ei={veC@):rbg <v<S(em)inQl.
Al ] p-

(Let us mention that if (3.5) is not valid, then we set ¢, := bel m‘ég.) One can readily verify that (3.2) implies
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that )
Czla—lﬂiz (p—l)”<P—1+Y)p_ ”’6127-1. (.6)
Ty p-1
Taking into account this fact and the definition of c; we now observe that
Xo Xo
A (xg — a)P~1 j m (réq)? < A1(I)cf_1r_y j m‘68}
a a

N (=S

p-1

-1
< Al(I)Cf C1p——1+y

<infm®*
i
and thus we may apply Lemma 2.4 (ii) with m* —m~(r6q)~? in place of h (and so also with 7(m*-m~(réq)7")).

Givenany v € €, we next define u := §(tr(m*-m~v~7")). Recalling the above paragraph, from Lemma 2.4 (ii)
and again making use of (3.5) and (3.6), after some computations we deduce that

S(tm™) 2 u = 8(t(m* - m~(r6q)7")) = ((c1 - Czr_y))”%l5g >rfg inQ
and therefore v € C. Now the proof of (ii) can be finished as in (i), and this concludes the proof. O

Remark 3.2. (i) Let us notice that by Lemma 2.4 (i), (3.1) is true if for instance

Xo b
ir}f m* > A (D) max((xI —qp ! J m~, (b-xp)?! J m‘)
a X1

for some I = (xg, x1) € Q.

(ii) We also remark that several distinct conditions guarantee that m~§ 3’ € L1(Q) for some g > 1. Indeed,
for example, this occurs forall y € (0, 1/p), or more generallyif m~ € L9(Q) with g > p'and y€(0,(g-1)/q).
Also, the same is valid for every y > 0 when m > O in the set {x € Q : §q(x) < €} for some € > 0. Of course,
analogous statements hold for m+6;)y.

Theorem 3.3. Suppose (1.1) has a solution u € C1(Q) such that @p(u') is absolutely continuous. Then

S$(m)>0 inQ (3.7)
and
b
J’ m > 0. (3.8)
a
Proof. Let u > 0 be a solution of (1.1) and fix
_b- 1+y
B:= T

Let 0 < ¢ € C(Q), and let Q' be an open set such that supp ¢ ¢ Q' € Q. We have that
L(uﬁ) — _ﬁp—l(|u’|p—2u’u(ﬁ—1)(p—1))’
- Bpfl(m(x)u*)/u(ﬁfl)(pfl) _ Iu'lp(ﬁ -1(p- 1)u(ﬁ*1)(p71)71)
< BP ' m(x)uYuB-De-b
=P mx) inQ

and hence, multiplying the above inequality by ¢, integrating over Q' and using the integration by parts

formula, we see that
b

b
[Iwﬁ)’lp’z(uﬁ)’w <p j m(x)¢.

a
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On the other hand, let0 < v ¢ Wé’p (Q). It is easy to check that there exists {¢j}jen € C2°(Q) with ¢p; > 0
in Q and such that ¢; — v in WHP(Q) (see e.g. [4, p. 50]). Utilizing the last inequality with ¢; in place of ¢
and passing to the limit, we get that £(uf) < fP~'m(x) in weak sense in Q and so from the weak comparison
principle we deduce that 0 < ub < B8(m) in Q and this ends the proof of (3.7).

Finally, we observe that multiplying (1.1) by u? and integrating by partson (a + &, b — €) with € > O small,
we get that

b-¢ b-¢
(pp"u?)(a+&)~(ppu?)(b - &) +y J [u'[Purt < J m
a+ée a+é&
and letting € — 0 it is easy to deduce (3.8). O

Remark 3.4. Let us note that conditions (3.7) and (3.8) are not comparable. Indeed, suppose first p = 2, and
let Q := (0, 37) and m(x) := sin x. Then m = §(mm) and jogﬂ m > 0, but 8(m) < 0in (7, 2m).
On the other side, integrating (2.1) (with m in place of h) we get that
b

@p(8(m) (@) - p,(8(m) (b)) = J m. (3.9)

a

It follows that we may have §(m) > 0 in Q but f: m = 0. (Take for instance again p = 2, Q := (0, i), m(x) :=
2(sin? x — cos? x) and §(m)(x) = sin® x.)

What it is indeed true from (3.9) is that S(m) > 0 in Q implies j; m > 0. Moreover, from Theorem 3.3 and
(3.9) we have that if (1.1) admits a solution, then either S(m)’(a) # 0 or $(m)’(b) # 0. Itis an interesting open
question to see if it is necessary that both derivatives are nonzero.

We conclude the paper showing an existence theorem for singular problems of the form
Lu=mx)f(u) inQ,
u>0 inQ, (3.10)
u=0 on 0Q,

for certain continuous functions f: (0, c0) — (0, c0). Let us observe that we make no monotonicity nor
convexity assumptions on f.
We state the following hypothesis:

Hypothesis (H). There exist cf, Cf > 0 and y > O such that
créV < f(§) < Cp&V forallé > 0.

Corollary 3.5. Let m € L?' (Q), let f satisfy (H) and suppose (1.1) has a solution with cgm* — Crm™ in place
of m. Then there exists a solution of (3.10).

Proof. Let u be a solution of (1.1) with csm* — Cym™ in place of m. Employing (H) we find that
Lu=(cem*(x) - Crm™(x))u™? < mOo)f(u) in Q.

On the other hand, let ¢ := §(m™) > O and fix 8 € (0, 1) and o > O satisfying
J
-1 cr
B = p , 0= U—
p-1+y Bk
Enlarging o if necessary, recalling that § < 1 and that by Lemma 2.4,

s(m*) (a) > 0 > S(m*)'(b),
we may assume that O'll)ﬁ > uin Q. Now, arguing as in Remark 2.7 and taking into account (H), we obtain that
L(oyP) 2 (0B m* BV > Crm* (x0)(09pP) Y 2 m* () f(oPF) 2 m(x)f(opP) inQ’

for every Q' € Q, and the corollary follows. O
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