
ON HOMOGENEOUS RICCI SOLITONS

RAMIRO LAFUENTE AND JORGE LAURET

Abstract. We study the evolution of homogeneous Ricci solitons under the bracket
flow, a dynamical system on the space Hq,n ⊂ Λ2g∗ ⊗ g of all homogeneous spaces of
dimension n with a q-dimensional isotropy, which is equivalent to the Ricci flow for
homogeneous manifolds. We prove that algebraic solitons (i.e. the Ricci operator is a
multiple of the identity plus a derivation) are precisely the fixed points of the system,
and that a homogeneous Ricci soliton is isometric to an algebraic soliton if and only if
the corresponding bracket flow solution is not chaotic, in the sense that its ω-limit set
consists of a single point. We also geometrically characterize algebraic solitons among
homogeneous Ricci solitons as those for which the Ricci flow solution is simultaneously
diagonalizable.
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1. Introduction

Ricci solitons are precisely those Riemannian metrics that are ‘nice’ enough to be ‘up-
graded’ by the Ricci flow, in the sense that they just evolve by scaling and pull-back by
diffeomorphisms. A good understanding of them is therefore crucial to study the singular-
ity behavior of the Ricci flow on any class of manifolds. Trivial examples are provided by
Einstein metrics, as well as by direct products of an Einstein manifold with any Euclidean
space. Non-Kähler examples of Ricci solitons are still very hard to find (see [DHW12]).

Homogeneity seems to be a very strong condition to impose. Nontrivial homogeneous
Ricci solitons must be expanding (i.e. the scaling is time increasing) and they can never
be compact nor gradient. One could say that they should not exist, but they do. Actually,
the nilpotent part of any Einstein solvable Lie group gives an example of a homogeneous
Ricci soliton, known as a nilsoliton in the literature (see [L01]). One may also extend a
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nilsoliton to a different solvable Lie group and obtain Ricci solitons which are not Einstein,
the so called solvsolitons (see [L11]). In all these examples the following ‘algebro-geometric’
condition holds:

(1) Ric(g) = cI +D, for some c ∈ R, D ∈ Der(s),

once the left-invariant metric g is identified with an inner product on the Lie algebra s
of the solvable Lie group S. So far, simply connected solvsolitons are the only known
examples of nontrivial homogeneous Ricci solitons.

A homogeneous space (G/K, g) is said to be a semi-algebraic soliton if there exists a
one-parameter family of equivariant diffeomorphisms ϕt ∈ Aut(G/K) (i.e. automorphisms
of G taking K onto K) such that g(t) = c(t)ϕ∗t g is a solution to the Ricci flow starting
at g(0) = g for some scaling function c(t) > 0. It is called an algebraic soliton if in
addition, for some reductive decomposition g = k ⊕ p, the derivatives dϕt|o : p −→ p are
all symmetric. The notion of algebraic soliton is precisely the generalization of condition
(1) to any Lie group or homogeneous space. It has recently been proved in [J11] that any
homogeneous Ricci soliton (M, g) is semi-algebraic with respect to its full isometry group
G = I(M, g).

We give in Section 3 an up-to-date overview on homogeneous Ricci solitons. Next, in
Section 4, we study the evolution of semi-algebraic solitons under the bracket flow, an ODE
for a family µ(t) ∈ Hq,n ⊂ Λ2g∗ ⊗ g. Here Hq,n denotes the subset of the variety of Lie
brackets on the fixed vector space g parameterizing the space of all homogeneous spaces of
dimension n with a q-dimensional isotropy (see [L12a]). This dynamical system has been
proved in [L12b] to be equivalent in a precise sense to the Ricci flow (preliminaries on
this machinery are given in Section 2). We first show that algebraic solitons are precisely
the fixed points, and hence the possible limits of any normalized bracket flow. This in
particular yields their asymptotic behavior and implies that algebraic solitons are all Ricci
flow diagonal, in the sense that the Ricci flow solution g(t) simultaneously diagonalizes
with respect to a fixed orthonormal basis of some tangent space.

Furthermore, given a starting point µ0 ∈ Hq,n, we prove that one can obtain at most
one nonflat algebraic soliton λ as a limit by running all possible normalized bracket flow
solutions µ(t). By using [L12a], we can translate this convergence µ(t)→ λ of Lie brack-
ets into more geometric notions of convergence, including convergence on the pointed or
Cheeger-Gromov topology. The limit Lie bracket λ might be non-isomorphic to µ(t) and
therefore provides an explicit limit (Gλ/Kλ, gλ) which is often non-diffeomorphic and even
non-homeomorphic to the starting homogeneous manifold (Gµ0/Kµ0 , gµ0) .

Regarding semi-algebraic solitons, we obtain that under any normalized bracket flow,
they simply evolve by

µ(t) = etA · µ0 = etAµ0(e
−tA·, e−tA·),

for some skew-symmetric map A : g −→ g. Furthermore, they are algebraic solitons if and
only if A ∈ Der(µ0) (i.e. fixed points). In particular, any homogeneous Ricci soliton would
be necessarily isometric to an algebraic soliton in case the bracket flow was not chaotic, in
the sense that the ω-limit set of any solution is a single point. This is an open question.

Whereas being a Ricci soliton is invariant under isometry, the concept of semi-algebraic
soliton is not, as it may depend on the presentation of the homogeneous manifold (M, g)
as a homogeneous space (G/K, g). We prove in Section 5 that the property of being Ricci
flow diagonal characterizes algebraic solitons. Namely:

A homogeneous Ricci soliton is Ricci flow diagonal if and only if it is
isometric to an algebraic soliton.

Note that this is a geometric characterization as the property of being Ricci flow diagonal
is also invariant under isometry. The Ricci flow evolution of a homogeneous Ricci soliton
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which is not isometric to any algebraic soliton, if any, is therefore quite different from all
known examples (i.e. solvsolitons).

Acknowledgements. We are very grateful to M. Jablonski for fruitful discussions on the
topic of this paper.

2. Preliminaries

Our aim in this section is to briefly describe a framework developed in [L12a] which
allows us to work on the ‘space of homogeneous manifolds’, by parameterizing the set of
all simply connected homogeneous spaces of dimension n and isotropy dimension q by a
subset Hq,n of the variety of (q+ n)-dimensional Lie algebras. According to the results in
[L12b], the Ricci flow is equivalent to an ODE system on Hq,n called the bracket flow.

Given a connected homogeneous Riemannian manifold (M, g), each transitive closed
Lie subgroup G ⊂ I(M, g) gives rise to a presentation of (M, g) as a homogeneous space
(G/K, g), where K is the isotropy subgroup of G at some point o ∈ M and g becomes a
G-invariant metric.

As K is compact, there always exists a reductive (i.e. Ad(K)-invariant) decomposition
g = k ⊕ p, where g and k are respectively the Lie algebras of G and K. Thus p can
be naturally identified with the tangent space p ≡ ToM = ToG/K, by taking the value
at the origin o = eK of the Killing vector fields corresponding to elements of p (i.e.
Xo = d

dt |0 exp tX(o)). Let g〈·,·〉 denote the G-invariant metric on G/K determined by
〈·, ·〉 := g(o), the Ad(K)-invariant inner product on p defined by g. In this situation,
when a reductive decomposition has already been chosen, the homogeneous space will be
denoted by (G/K, g〈·,·〉).

In order to get a presentation (M, g) = (G/K, g〈·,·〉) of a connected homogeneous mani-
fold as a homogeneous space, there is no need for G ⊂ I(M, g) to hold, that is, an effective
action. It is actually enough to have a transitive action of G on M by isometries being
almost-effective (i.e. the normal subgroup {g ∈ G : ghK = hK, ∀h ∈ G} of K is discrete),
along with a reductive decomposition g = k ⊕ p such that the inner product 〈·, ·〉 on p
defined by 〈·, ·〉 := g(o) is Ad(K)-invariant. Any homogeneous space considered in this
paper will be assumed to be almost-effective and connected.

In the study of homogeneous Ricci solitons carried out in the present paper, the following
special reductive decomposition has often been very convenient to take.

Lemma 2.1. Let (G/K, g) be a homogeneous space. Then there exists a reductive decom-
position g = k⊕ p such that B(k, p) = 0, where B is the Killing form of g.

Proof. It follows by taking p as the orthogonal complement of k in g with respect to B.
Recall that B|k×k < 0 since it is well known that Ad(K) is compact in GL(g) and the
isotropy representation ad : k −→ End(p) is faithful by almost-effectiveness . This implies
that k ∩ p = 0, and since dim p ≥ dim g − dim k we obtain g = k + p, concluding the
proof. �

2.1. Varying Lie brackets viewpoint. (See [L12a] for further information). Let us fix
for the rest of the section a (q + n)-dimensional real vector space g together with a direct
sum decomposition

(2) g = k⊕ p, dim k = q, dim p = n,

and an inner product 〈·, ·〉 on p. We consider the space of all skew-symmetric algebras (or
brackets) of dimension q + n, which is parameterized by the vector space

Vq+n := {µ : g× g −→ g : µ bilinear and skew-symmetric},
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and we set

Vn := {µ : p× p −→ p : µ bilinear and skew-symmetric}.

Definition 2.2. The subset Hq,n ⊂ Vq+n consists of the brackets µ ∈ Vq+n such that:

(h1) µ satisfies the Jacobi condition, µ(k, k) ⊂ k and µ(k, p) ⊂ p.
(h2) If Gµ denotes the simply connected Lie group with Lie algebra (g, µ) and Kµ is

the connected Lie subgroup of Gµ with Lie algebra k, then Kµ is closed in Gµ.
(h3) 〈·, ·〉 is adµ k-invariant (i.e. (adµ Z|p)t = − adµ Z|p for all Z ∈ k).
(h4) {Z ∈ k : µ(Z, p) = 0} = 0.

Each µ ∈ Hq,n defines a unique simply connected homogeneous space,

(3) µ ∈ Hq,n  (Gµ/Kµ, gµ) ,

with reductive decomposition g = k ⊕ p and gµ(oµ) = 〈·, ·〉, where oµ := eµKµ is the
origin of Gµ/Kµ and eµ ∈ Gµ is the identity element. It is almost-effective by (h4), and it
follows from (h3) that 〈·, ·〉 is Ad(Kµ)-invariant as Kµ is connected. We note that any n-
dimensional simply connected homogeneous space (G/K, g) which is almost-effective can
be identified with some µ ∈ Hq,n, where q = dimK. Indeed, G can be assumed to be
simply connected without losing almost-effectiveness, and we can identify any reductive
decomposition with g = k⊕ p. In this way, µ will be precisely the Lie bracket of g.

We also fix from now on a basis {Z1, . . . , Zq} of k and an orthonormal basis {X1, . . . , Xn}
of p (see (2)) and use them to identify the groups GL(g), GL(k), GL(p) and O(p, 〈·, ·〉),
with GLq+n(R), GLq(R), GLn(R) and O(n), respectively.

There is a natural linear action of GLq+n(R) on Vq+n given by

(4) h · µ(X,Y ) = hµ(h−1X,h−1Y ), X, Y ∈ g, h ∈ GLq+n(R), µ ∈ Vq+n.

If µ ∈ Hq,n, then h · µ ∈ Hq,n for any h ∈ GLq+n(R) of the form

(5) h :=
[
hq 0
0 hn

]
∈ GLq+n(R), hq ∈ GLq(R), hn ∈ GLn(R),

such that

(6) [htnhn, adµ k|p] = 0.

We have that (Gh·µ/Kh·µ, gh·µ) is equivariantly isometric to
(
Gµ/Kµ, g〈hn·,hn·〉

)
, and in

particular, the subset

{h · µ : hq = I, hn satisfies (6)} ⊂ Hq,n,

parameterizes the set of all Gµ-invariant metrics on Gµ/Kµ. Also, by setting hq = I,
hn = 1

c I, c 6= 0, we get the rescaled Gµ-invariant metric 1
c2
g〈·,·〉 on Gµ/Kµ, which is

isometric to the element of Hq,n denoted by c · µ and defined by

(7) c · µ|k×k = µ, c · µ|k×p = µ, c · µ|p×p = c2µk + cµp,

where the subscripts denote the k and p-components of µ|p×p given by

(8) µ(X,Y ) = µk(X,Y ) + µp(X,Y ), µk(X,Y ) ∈ k, µp(X,Y ) ∈ p, ∀X,Y ∈ p.

The R∗-action on Hq,n, µ 7→ c · µ, can therefore be considered as a geometric rescaling of
the homogeneous space (Gµ/Kµ, gµ).



ON HOMOGENEOUS RICCI SOLITONS 5

2.2. Homogeneous Ricci flow. (See [L12b, Section 3] for a more detailed treatment).
Let (M, g0) be a simply connected homogeneous manifold. Thus (M, g0) has a presentation
as a homogeneous space of the form (Gµ0/Kµ0 , gµ0) for some µ0 ∈ Hq,n, with reductive
decomposition g = k ⊕ p (see Section 2.1). Let g(t) be the unique homogeneous solution
to a normalized Ricci flow

(9)
∂

∂t
g(t) = −2 Rc(g(t))− 2r(t)g(t), g(0) = g0,

for some normalization function r(t) which may depend on g(t). For any continuous
function r, g(t) can be obtained by just rescaling and reparameterizing the time variable of
the usual unnormalized (i.e. r ≡ 0) Ricci flow solution. It follows that g(t) is Gµ0-invariant
for all t, and thus (M, g(t)) is isometric to the homogeneous space

(
Gµ0/Kµ0 , g〈·,·〉t

)
, where

〈·, ·〉t := g(t)(oµ0) is a family of inner products on p. The Ricci flow equation (9) is therefore
equivalent to the ODE system

(10)
d

dt
〈·, ·〉t = −2 Rc(〈·, ·〉t)− 2r(t)〈·, ·〉t, 〈·, ·〉0 = 〈·, ·〉,

where Rc(〈·, ·〉t) := Rc(g(t))(oµ0).

2.3. The bracket flow. (See [L12b, Sections 3.1-3.3] for a more gentle presentation).
The ODE system for a family µ(t) ∈ Vq+n = Λ2g∗ ⊗ g of bilinear and skew-symmetric
maps defined by

(11)
d

dt
µ = −π

([
0 0
0 Ricµ+rI

])
µ, µ(0) = µ0,

is called a normalized bracket flow. Here Ricµ is defined as in [L12b, Section 2.3] and
coincides with the Ricci operator when µ ∈ Hq,n, and π : glq+n(R) −→ End(Vq+n) is the
natural representation given by

(12) π(A)µ = Aµ(·, ·)− µ(A·, ·)− µ(·, A·), A ∈ glq+n(R), µ ∈ Vq+n.
We note that π is the derivative of the GLq+n(R)-representation defined in (4).

A homogeneous space (Gµ(t)/Kµ(t), gµ(t)) can indeed be associated to each µ(t) in a
bracket flow solution provided that µ0 ∈ Hq,n, since it follows that µ(t) ∈ Hq,n for all t.
For a given simply connected homogeneous manifold (M, g0) = (Gµ0/Kµ0 , gµ0), µ0 ∈ Hq,n,
we can therefore consider the following one-parameter families:

(13) (M, g(t)),
(
Gµ0/Kµ0 , g〈·,·〉t

)
,

(
Gµ(t)/Kµ(t), gµ(t)

)
,

where g(t), 〈·, ·〉t and µ(t) are the solutions to the normalized Ricci flows (9), (10) and the
normalized bracket flow (11), respectively. Recall that g = k⊕ p is a reductive decompo-
sition for any of the homogeneous spaces involved. According to the following result, the
Ricci flow and the bracket flow are intimately related.

Theorem 2.3. [L12b, Theorem 3.10] There exist diffeomorphisms ϕ(t) : M −→ Gµ(t)/Kµ(t)

such that
g(t) = ϕ(t)∗gµ(t), t ∈ (T−, T+),

where −∞ ≤ T− < 0 < T+ ≤ ∞ and (T−, T+) is the maximal interval of time existence for
both flows. Moreover, if we identify M = Gµ0/Kµ0, then ϕ(t) : Gµ0/Kµ0 −→ Gµ(t)/Kµ(t)

can be chosen as the equivariant diffeomorphism determined by the Lie group isomorphism
between Gµ0 and Gµ(t) with derivative h̃ :=

[
I 0
0 h

]
: g −→ g, where h(t) = dϕ(t)|oµ0 : p −→

p is the solution to any of the following ODE systems:

(i) d
dth = −h(Ric(〈·, ·〉t) + r(t)I), h(0) = I.

(ii) d
dth = −(Ricµ(t) +r(t)I)h, h(0) = I.

The following conditions also hold:
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(iii) 〈·, ·〉t = 〈h·, h·〉.
(iv) µ(t) = h̃µ0(h̃

−1·, h̃−1·).

It follows that µ(t)|k×g = µ0|k×g for all t ∈ (T−, T+), that is, only µ(t)|p×p is actually
evolving, and so the bracket flow equation (11) can be rewritten as the system

(14)


d
dtµk = µk(Ricµ ·, ·) + µk(·,Ricµ ·) + 2rµk(·, ·),

µk(0) + µp(0) = µ0|p×p,
d
dtµp = −πn(Ricµ +rI)µp = −πn(Ricµ)µp + rµp.

where µk and µp are the components of µ|p×p as in (8) and πn : gln(R) −→ End(Vn) is the
representation defined in (12) for q = 0.

Let ν(t) denote from now on the unnormalized (i.e. r ≡ 0) bracket flow solution with
ν(0) = µ0. Then any normalized bracket flow solution is given by

(15) µ(t) = c(t) · ν(τ(t)), t ∈ (T−, T+),

for some rescaling c(t) > 0 (defined by c′ = rc, c(0) = 1) and time reparameterization
τ(t) (defined by τ ′ = c2, τ(0) = 0). If (T 0

−, T
0
+) denotes the maximal interval of time

existence for ν(t), then τ : (T−, T+) −→ (T 0
−, T

0
+) is a strictly increasing function, though

non-necessarily surjective.

3. Homogeneous Ricci solitons

A Riemannian manifold (M, g) is called Einstein if Rc(g) = cg for some c ∈ R (see
e.g. [Bs87]). The Einstein equation for an n-dimensional homogeneous space is just a

system of n(n+1)
2 algebraic equations, but unfortunately, quite an involved one, and it is

still open the question of which homogeneous spaces G/K admit a G-invariant Einstein
metric (see the surveys [Wa12, L09] and the references therein). In the noncompact ho-
mogeneous case, the only known non-flat examples until now are all simply connected
solvmanifolds, which are defined in this paper to be solvable Lie groups endowed with a
left-invariant metric. According to the long standing Alekseevskii conjecture (see [Bs87,
7.57] and [LfL12]), asserting that any Einstein connected homogeneous manifold of nega-
tive scalar curvature is diffeomorphic to a Euclidean space, Einstein solvmanifolds might
exhaust all the possibilities for noncompact homogeneous Einstein manifolds.

A nice and important generalization of Einstein metrics is the following notion. A
complete Riemannian manifold (M, g) is called a Ricci soliton if

(16) Rc(g) = cg + LXg, for some c ∈ R, X ∈ χ(M),

where LXg is the usual Lie derivative of g in the direction of the (complete) vector field
X (as in the Einstein case, c is often called the cosmological constant of the Ricci soliton
g). Ricci solitons correspond to solutions of the Ricci flow that evolve self similarly, that
is, only by scaling and pullback by diffeomorphisms, and often arise as limits of dilations
of singularities of the Ricci flow. More precisely, g is a Ricci soliton if and only if the
one-parameter family of metrics

(17) g(t) = (−2ct+ 1)ϕ∗t g,

is a solution to the Ricci flow for some one-parameter group ϕt of diffeomorphisms of M
(see e.g. [C+07, C09] and the references therein for further information on Ricci solitons).

From results due to Ivey, Naber, Perelman and Petersen-Wylie (see [L11, Section 2]), it
follows that any nontrivial (i.e. non-Einstein and not the product of an Einstein homoge-
neous manifold with a Euclidean space) homogeneous Ricci soliton must be noncompact,
expanding (i.e. c < 0) and non-gradient (i.e. X is not the gradient field of any smooth
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function on M). Any known example so far of a nontrivial homogeneous Ricci soliton is
isometric to a simply connected solvsoliton, that is, a solvmanifold (S, g) satisfying

(18) Ric(g) = cI +D, for some c ∈ R, D ∈ Der(s),

once the metric g is identified with an inner product on the Lie algebra s of S. When S
is nilpotent, these metrics are called nilsolitons and are precisely the nilpotent parts of
Einstein solvmanifolds (see the survey [L09] for further information). It is proved in [L11]
that, up to isometry, any solvsoliton can be obtained via a very simple construction from
a nilsoliton (N, g1) together with any abelian Lie algebra of symmetric derivations of the
metric Lie algebra of (N, g1). Furthermore, a given solvable Lie group can admit at most
one solvsoliton left invariant metric up to isometry and scaling, and another consequence
of [L11] is that any Ricci soliton obtained via (18) is necessarily simply connected (see
also [Lf12, W11] for examples and classification results on solvsolitons).

The following recently proved result completes the picture for Ricci soliton left-invariant
metrics on solvable Lie groups.

Theorem 3.1. [J11, Theorem 1.1] Any (nonflat) Ricci soliton admitting a transitive
solvable Lie group of isometries is isometric to a simply connected solvsoliton.

The concept of solvsoliton can be easily generalized to the class of all homogeneous
spaces as follows.

Definition 3.2. A homogeneous space (G/K, g〈·,·〉) with reductive decomposition g = k⊕p
is said to be an algebraic soliton if there exist c ∈ R and D ∈ Der(g) such that Dk ⊂ k and

Ric(g〈·,·〉) = cI +Dp,

where Dp := pr ◦D|p and pr : g = k⊕ p −→ p is the linear projection.

We note that Einstein homogeneous manifolds are algebraic solitons with respect to
any presentation as a homogeneous space and any reductive decomposition, by just taking
D = 0.

The following result supports in a way the above definition.

Proposition 3.3. Any simply connected algebraic soliton (G/K, g〈·,·〉) is a Ricci soliton.

Remark 3.4. The hypothesis of G/K being simply connected is in general necessary in the
above proposition, as the case of solvsolitons shows (see [L11, Remark 4.12]).

Proof. We can assume that G is simply connected and still have that G/K is almost-
effective. Notice that K is therefore connected as G/K is simply connected. Since D ∈
Der(g) we have that etD ∈ Aut(g) and thus there exists ϕ̃t ∈ Aut(G) such that dϕ̃t|e = etD

for all t ∈ R. By using that K is connected and Dk ⊂ k, it is easy to see that ϕ̃t(K) = K for
all t. This implies that ϕ̃t defines a diffeomorphism ϕt of M = G/K by ϕt(uK) = ϕ̃t(u)K
for any u ∈ G, which therefore satisfies at the origin that dϕt|o = etDp . Let XD denote
the vector field of M defined by the one-parameter subgroup {ϕt} ⊂ Diff(M), that is,
XD(p) = d

dt |0ϕt(p) for any p ∈M . It follows from the symmetry of Dp that

(19) LXDg〈·,·〉 =
d

dt
|0ϕ∗t g〈·,·〉 =

d

dt
|0〈e−tDp ·, e−tDp ·〉 = −2〈Dp·, ·〉,

but since Ric = cI + Dp, we obtain that Rc(g〈·,·〉) = cg〈·,·〉 − 1
2LXDg〈·,·〉, and so g〈·,·〉 is a

Ricci soliton (see (16)), as was to be shown. �

Remark 3.5. In Definition 3.2, Dk = 0 necessarily holds. Indeed, we have that

adDZ|p = [D|p, adZ|p] = [Ric(g〈·,·〉), adZ|p] = 0, ∀Z ∈ k,

and thus Dk = 0 by almost-effectiveness.
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From the proof of Proposition 3.3, one may perceive that there is a more general way to
consider a homogeneous Ricci soliton ‘algebraic’, in the sense that the algebraic structure
of some of its presentations as a homogeneous space be strongly involved.

Definition 3.6. [J11, Definition 1.4] A homogeneous space (G/K, g) is called a semi-
algebraic soliton if there exists a one-parameter family ϕ̃t ∈ Aut(G) with ϕ̃t(K) = K such
that

g(t) = c(t)ϕ∗t g,

is a solution to the (unnormalized) Ricci flow equation (9) starting at g(0) = g for some
scaling function c(t) > 0, where ϕt ∈ Diff(G/K) is the diffeomorphism determined by ϕ̃t.

As the following example shows, a homogeneous Ricci soliton is not always semi-
algebraic with respect to a given presentation as a homogenous space.

Example 3.7. The direct product S = S1 × S2 of a completely solvable nonflat solvsoliton
S1 and a flat nonabelian solvmanifold S2 is a Ricci soliton which is not semi-algebraic
when presented as a left-invariant metric on S (see [J11, Example 1.3]).

The following result confirms the protagonism of the algebraic side of homogeneous
manifolds in regard to Ricci soliton theory.

Theorem 3.8. [J11, Proposition 2.2] Any homogeneous Ricci soliton (M, g) is a semi-
algebraic soliton with respect to its full isometry group G = I(M, g). Moreover, ϕ̃t can be
chosen to be a one-parameter subgroup of Aut(G) such that ϕ̃t|K0 = id, where K0 is the
identity component of K.

It follows from (19) that if
(
G/K, g〈·,·〉

)
is a semi-algebraic soliton with reductive de-

composition g = k⊕ p, then

(20) Ric(g〈·,·〉) = cI + 1
2

(
Dp +Dt

p

)
, for some c ∈ R, D ∈ Der(g), Dk = 0,

where actually D = d
dt |0ϕ̃t (see also [J11, Proposition 2.3]). Conversely, if condition (20)

holds for some reductive decomposition and G/K is simply connected, then one can prove
in much the same way as Proposition 3.3 that

(
G/K, g〈·,·〉

)
is indeed a Ricci soliton with

Rc(g〈·,·〉) = cg〈·,·〉 − 1
2LXDg〈·,·〉.

Example 3.9. The following example was generously provided to us by M. Jablonski and
it is given by the 6-dimensional solvmanifold whose metric Lie algebra has an orthonormal
basis {X1, Y1, Z1, X2, Y2, Z2} with Lie bracket

[X1, Y1] = Z1, [X1, X2] = Y2, [X1, Y2] = −X2, [X2, Y2] = Z2.

It is easy to see that it is not a semi-algebraic soliton. Indeed, the Ricci operator is
Ric = Diag(−1

2 ,−
1
2 ,

1
2 ,−

1
2 ,−

1
2 ,

1
2) and if (20) holds, then c = −1

2 since D must leave
the nilradical 〈X2, . . . , Z2〉 invariant. Now, restricted to the Lie ideal 〈X2, Y2, Z2〉, the
diagonal part of D has the form Diag(a, b, a+ b), and thus a = b = 0 and −1

2 + a+ b = 1
2 ,

a contradiction. However, it is easy to prove that it is isometric to the nilsoliton H3×H3,
where H3 denotes the 3-dimensional Heisenberg group. The bracket flow evolution of this
solvmanifold will be analyzed in Section 4.3.

The special reductive decomposition given in Lemma 2.1 establishes some constraints on
the behavior of derivations, and consequently on the structure of semi-algebraic solitons.

Lemma 3.10. Let (G/K, g〈·,·〉) be a homogeneous space with reductive decomposition g =
k ⊕ p, and assume in addition that B(k, p) = 0, where B is the Killing form of g. If
D ∈ Der(g) satisfies Dk ⊂ k, then Dp ⊂ p.
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Proof. For X ∈ p, Z = DX, we write Z = Zk + Zp according to the decomposition
g = k⊕ p. By using that Dk ⊂ k and B(k, p) = 0, we get

0 = B(Z,Zk) +B(X,DZk) = B(Zk, Zk),

which implies that Zk = 0 since B|k×k is negative definite. �

Corollary 3.11. Let (G/K, g〈·,·〉) be a semi-algebraic soliton with reductive decomposition
g = k⊕ p, and assume in addition that B(k, p) = 0. Then,

Ric(g〈·,·〉) = cI + 1
2

(
Dp +Dt

p

)
, with D =

[
0 0
0 Dp

]
∈ Der(g).

Example 3.12. It may happen that p is not preserved by the derivation D. Consider for
instance any nilsoliton (n, 〈·, ·〉), say with Ricn = cI+D0, D0 ∈ Der(n). Assume there exists
a nonzero B ∈ Der(n) ∩ so(n, 〈·, ·〉). This gives rise to a presentation of the nilsoliton as a
homogeneous space with one-dimensional isotropy and reductive decomposition g = k⊕n,
where k = RB and B is acting on n as usual. Now suppose that there is a nonzero X ∈ n
such that BX = 0, and let p ⊂ g be the subspace spanned by α, where α is the set
obtained by replacing X with X +B in an orthonormal basis β of (n, 〈·, ·〉) containing X.
We see that g = k⊕ p is also a reductive decomposition. Under the natural identification
of p with n, the basis α and β turn out to be identified, and then the Ricci operator Ricp
(according to g = k⊕ p) is given by

Ricp = cI +D1, D1 ∈ End(p), [D1]α = [D0]β,

which implies that it is still an algebraic soliton with respect to the reductive decomposition
g = k ⊕ p. Now assume that D1 = 1

2(Dp + Dt
p), for some D :=

[
0 0
0 Dp

]
∈ Der(g). Then,

by using that Dp ⊂ p ∩ n (in fact, Dg ⊂ n since g is solvable and n is its nilradical) and
p ∩ n ⊥ (X +B), we obtain that

〈D0X,X〉 = 〈D1(X +B), (X +B)〉 = 〈D(X +B), (X +B)〉 = 0,

which contradicts the fact that D0 is positive definite (see e.g. [L09, Section 2]). Thus this
reductive decomposition does not allow us to present this nilsoliton as a semi-algebraic
soliton with a derivation leaving p invariant. The bracket flow evolution of this example
in the case n is the 3-dimensional Heisenberg Lie algebra will be studied in Section 4.4.

In [LfL12], some structural results on Lie theoretical aspects of semi-algebraic solitons
are given. In the case of nilmanifolds, or more precisely, when G is nilpotent and simply
connected and K is trivial, condition (20) is equivalent to (G, 〈·, ·〉) being a nilsoliton, since
Dt turns out to be a derivation in this case. Indeed, if Ric(〈·, ·〉) = cI +D +Dt, then by
using [L12b, (19)] one obtains that

0 = tr Ric(〈·, ·〉)[D,Ric(〈·, ·〉)] = tr Ric(〈·, ·〉)[D,Dt] = 1
4〈π(Dt)[·, ·], π(Dt)[·, ·]〉,

and hence Dt ∈ Der(g). This fixes a gap in the proof of [L01, Proposition 1.1], which was
kindly pointed out to the second author by M. Jablonski.

It is proved in [J11, Theorem 1.6] that any homogeneous Ricci soliton admitting a
transitive semi-simple group of isometries must be Einstein.

As far as we know, beyond solvmanifolds, the current status of knowledge on simply
connected (nontrivial) homogeneous Ricci solitons can be summarized as in Figure 3.
Recall that the only known examples for now are all isometric to solvsolitons, i.e. left-
invariant algebraic solitons on solvable Lie groups.
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Figure 1. Homogeneous Ricci solitons

4. Algebraic solitons and the bracket flow

We study in this section how semi-algebraic solitons evolve according to the bracket
flow. Algebraic solitons are proved to be the only possible limits, backward and forward,
for any bracket flow solution. This fact and the equivalence between the bracket and
Ricci flows (see Theorem 2.3) suggest that algebraic solitons might exhaust the class of
all homogeneous Ricci solitons (up to isometry).

Proposition 4.1. Let µ(t) be a solution to any normalized bracket flow (see (11) or (14)).

(i) If µ0 is a fixed point (i.e. µ(t) ≡ µ0), then (Gµ0/Kµ0 , gµ0) is an algebraic soliton

with Ricµ0 = cI +Dp, for some c ∈ R and such that
[
0 0
0 Dp

]
∈ Der(g, µ0).

(ii) If µ(t) → λ ∈ Hq,n, as t → T±, then T± = ±∞ and (Gλ/Kλ, gλ) is an algebraic
soliton as in part (i).

(iii) Assume that µ(t) → λ ∈ Hq,n, as t → ±∞, with λ|p×p 6= 0. Then the limit λ̃ of

any other r̃-normalized bracket flow solution necessarily satisfies λ̃ = c ·λ for some
c ≥ 0. In particular, λ̃ is either flat (c = 0) or homothetic to λ (c > 0).

Proof. Let λ be a fixed point for some normalized bracket flow of the form (11) (i.e.
µ(t) ≡ µ0 = λ). Thus

−π
([

0 0
0 Ricλ+r(0)I

])
λ = 0,

from which we deduce that (Gλ/Kλ, gλ) is an algebraic soliton with c = −r(0) and D =[
0 0
0 Ricλ+r(0)I

]
(see Definition 3.2). This proves parts (i) and (ii).

Let us now prove (iii). It follows from [L12b, Lemma 3.9] that both time reparametriza-
tions τ(t) and τ̃(t) converge to T 0

±, as t → ±∞ (see (15)). We project the curves deter-
mined by the two bracket flow solutions onto the quotient Vq+n/R>0, where the R>0-action
is given by the rescaling (7), and denote by [v] the equivalence class of a vector v ∈ Vq+n.

By (15), we obtain that [ν(s)] converges to both [λ] and [λ̃], as s → T 0
±, relative to the

quotient topology. As the pairs of points which can not be separated by disjoint open sets
in Vq+n/R>0 are all of the form [v], [0 · v] for some v ∈ Vq+n, either λ̃ = 0 · λ or [λ̃] = [λ],
as was to be shown. �

As an application of Theorem 2.3, unnormalized Ricci and bracket flow solutions are
proved in what follows to have a very simple form for semi-algebraic and algebraic solitons.

Proposition 4.2. Let (Gµ0/Kµ0 , gµ0), µ0 ∈ Hq,n, be a homogeneous space that is a semi-
algebraic soliton, say with

Ricµ0 = cI + 1
2(Dp +Dt

p), c ∈ R, D :=
[
0 ∗
0 Dp

]
∈ Der(g, µ0).
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Then the unnormalized bracket flow solution to (11) (i.e. with r ≡ 0) is given by

(21) ν(t) = (−2ct+ 1)−1/2 ·
[
I 0
0 es(t)Ae−s(t)Dp

]
· µ0, t ∈

 ( 1
2c ,∞), c < 0,

(−∞, 1
2c), c > 0,

(−∞,∞), c = 0,

where A = 1
2(Dp −Dt

p) and s(t) = − 1
2c ln(−2ct+ 1) (for c = 0, s(t) ≡ 1).

Conversely, if the unnormalized bracket flow ν(t) evolves as in (21), then (Gµ0/Kµ0 , gµ0)

is a semi-algebraic soliton. The corresponding derivation D̃ satisfies that A = 1
2(D̃p−D̃t

p),

although possibly D̃p 6= Dp.

Proof. By using equality Ricµ0 = cI + 1
2(Dp +Dt

p), it is easy to check that

〈·, ·〉t = (−2ct+ 1)〈e−s(t)Dp ·, e−s(t)Dp ·〉,

is a solution to the unnormalized Ricci flow (10). The Ricci operator of 〈·, ·〉t is therefore
given by

Ric(〈·, ·〉t) = (−2ct+1)−1es(t)Dp Ric(〈·, ·〉)e−s(t)Dp = (−2ct+1)−1(cI+Dp−es(t)DpAe−s(t)Dp)

(recall that Ric(〈·, ·〉) = Ricµ0 = cI + Dp − A). Now we solve the differential equation

given in part (i) of Theorem 2.3, getting h(t) = (−2ct+ 1)1/2es(t)Ae−s(t)Dp , and by using
part (iv) of the same theorem we obtain the desired formula for ν(t).

The converse follows by computing d
dtν(t)

∣∣
0
, which equals −π

([
0 0
0 Ricµ0

])
µ0. �

Remark 4.3. If D has the special form D =
[
0 0
0 Dp

]
(i.e. Dp ⊆ p, or ∗ = 0), which holds

for instance if the reductive decomposition satisfies Bµ0(k, p) = 0 for the Killing form Bµ0

of µ0 (see Corollary 3.11), then
[
I 0
0 e−s(t)Dp

]
∈ Aut(g, µ0), and hence the formula for the

unnormalized bracket flow is given by

(22) ν(t) = (−2ct+ 1)−1/2 ·
([

I 0
0 es(t)A

]
· µ0
)
.

Algebraic solitons with Dp ⊂ p are characterized in terms of their bracket flow evolution
as follows.

Proposition 4.4. For a homogeneous space (Gµ0/Kµ0 , gµ0), µ0 ∈ Hq,n, the following
conditions are equivalent:

(i) (Gµ0/Kµ0 , gµ0) is an algebraic soliton with

Ricµ0 = cI +Dp, c ∈ R, D =
[
0 0
0 Dp

]
∈ Der(g, µ0).

(ii) The unnormalized bracket flow solution is given by

ν(t) = (−2ct+ 1)−1/2 · µ0,

or equivalently,

νk(t) = (−2ct+ 1)−1µk(0), νp(t) = (−2ct+ 1)−1/2µp(0), t ∈

 ( 1
2c ,∞), c < 0,

(−∞, 1
2c), c > 0,

(−∞,∞), c = 0.

(iii) The solutions to the unnormalized Ricci flow equations (9) and (10) are given by

gij(t) = 〈Xi, Xj〉t = (−2ct+ 1)ri/cδij ,

where {X1, . . . , Xn} is an orthonormal basis of (p, 〈·, ·〉) of eigenvectors (or Killing
vector fields) for Ricµ0 with eigenvalues {r1, . . . , rn}.
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Proof. The equivalence between parts (i) and (ii) follows from Proposition 4.2, by using
Remark 4.3 and that A = 0 in this case. To prove that parts (ii) and (iii) are equivalent,
we can use Theorem 2.3, as in both cases one obtains

h(t) = ea(t)Ricµ0 , a(t) = 1
2c log(−2ct+ 1),

concluding the proof of the proposition. �

Part (iii) of the above proposition generalizes results on the asymptotic behavior of
some nilsolitons obtained in [P10, Wi11] and algebraic solitons on Lie groups in [LW12].
Recall that c < 0 for any nontrivial homogeneous Ricci soliton.

It follows from Proposition 4.4, (ii) that if µk = 0 (e.g. if q = 0) or µp = 0, then
the trace of the algebraic soliton ν(t) is contained in the straight line segment joining µ0
with the flat metric λ given by λ|k×g = µ0|k×g, λ|p×p = 0 (see e.g. the algebraic solitons
S2 × R, H2 × R and Nil in [L12b, Figure 1], and those denoted by Gbi, E2, H × Rm
and N in [L12b, Figure 5]). Otherwise, if µk, µp 6= 0, then ν(t) stays in the half parabola
{s2µk + sµp : s > 0} joining µ0 with the flat λ (e.g. the round metrics on S3 in [L12b,
Figure 1]). In any case, the forward direction is determined by the sign of c.

We now study the evolution of semi-algebraic solitons under a normalized bracket flow.
Let F : Hq,n −→ R be a function which is invariant under isometry (i.e. F (µ) = F (λ) for

any pair µ, λ ∈ Hq,n of isometric homogenous spaces). In particular, F is
[
GLq(R) 0

0 O(n)

]
-

invariant relative to the action defined in (4)-(6). Also assume that F is scaling invariant,
in the sense that there exists d 6= 0 such that F (c · µ) = cdF (µ) for any c ∈ R, µ ∈ Hq,n.
Some examples of isometry and scaling invariant functions are given by the scalar curvature
R(µ), more in general the other traced powers tr Rickµ of the Ricci operator, and ‖∇k Rmµ ‖,
where ∇µ denotes the Levi-Civita connection and Rmµ the Riemann curvature tensor.

Consider the normalized bracket flow µ(t) as in (11) such that F (µ(t)) ≡ F (µ0), and
express it in terms of the unnormalized bracket flow by µ(t) = c(t)ν(τ(t)) (see (15)). If
µ0 ∈ Hq,n is a Ricci soliton with cosmological constant c0 (see (16)), then it follows from
Theorem 2.3 and (17) that

F (µ0) = c(t)d(−2c0τ(t) + 1)−d/2F (µ0), ∀t.

By assuming that F (µ0) 6= 0, we obtain that c(t) = (−2c0τ(t)+1)1/2 and so c′(t) = −c0c(t),
from which follows that r(t) ≡ −c0 (recall from (15) that c′ = rc). The evolution equation
of the normalized bracket flow yielding F constant and starting at a Ricci soliton µ0 is
therefore given by

(23)
d

dt
µ = −π

([
0 0
0 Ricµ

])
µ− c0µ, µ(0) = µ0.

Moreover, it follows that c(t) = e−c0t and τ(t) = 1−e−2c0t

2c0
(and τ(t) = t if c0 = 0), which

together with Proposition 4.2 yield the following result.

Proposition 4.5. Let (Gµ0/Kµ0 , gµ0), µ0 ∈ Hq,n, be a homogeneous space that is a semi-
algebraic soliton, say with

Ricµ0 = cI + 1
2(Dp +Dt

p), c ∈ R, D :=
[
0 ∗
0 Dp

]
∈ Der(g, µ0).

Let F : Hq,n −→ R be any differentiable function invariant under isometry and scaling
such that F (µ0) 6= 0. Then the normalized bracket flow solution such that F (µ(t)) ≡ F (µ0)
is given by

(24) µ(t) =
[
I 0
0 etAe−tDp

]
· µ0, t ∈ (−∞,∞),

where A = 1
2(Dp −Dt

p).



ON HOMOGENEOUS RICCI SOLITONS 13

It follows from Remark 4.3 that if the derivation D satisfies Dp ⊆ p, and F : Hq,n −→ R
is only assumed to be scaling and

[
I 0
0 O(n)

]
-invariant, then the evolution is simply given

by

(25) µ(t) =
[
I 0
0 etA

]
· µ0.

An example of a scaling and
[
I 0
0 O(n)

]
-invariant function which is not isometry invariant

is F (µ) = ‖µ‖ (see Section 4.1 below).

As the orbit
[
I 0
0 O(n)

]
· µ0 is compact, the solution µ(t) in (25) stays bounded and the

limits of subsequences µ(tk) are all isomorphic to µ0 (compare with Example 4.3).
On the other hand, recall that A is skew-symmetric, so its eigenvalues are purely imag-

inary. By Kronecker’s theorem, there exists a sequence tk, with tk → ∞, such that
etkA → I. This implies that µ(t0 + tk) −→

k→∞
µ(t0) for any t0 ∈ R and thus the whole

solution is contained in its ω-limit. The absence of this kind of chaos for the bracket
flow, which is still an open question, would imply that µ(t) ≡ µ0, and so A should be a
derivation of µ0 thus obtaining that any semi-algebraic soliton would be algebraic.

4.1. Normalizing by the bracket norm. The choice of any inner product on k allows
us to consider the inner product on Λ2g∗ ⊗ g defined by

(26) 〈µ, λ〉 =
∑
〈µ(Yi, Yj), λ(Yi, Yj)〉,

where {Yi} is the union of orthonormal bases of k and (p, 〈·, ·〉), respectively. Given any
µ ∈ Hq,n, one may assume to make simpler some computations that the inner product on

k is Ad(Kµ)-invariant (recall that Ad(Kµ) is compact in GL(g)), which will also hold for
any other element in Hq,n coinciding with µ on k× k (e.g. for any normalized bracket flow
solution starting at µ).

The normalized bracket flow equation as in (11) such that the norm ‖µ(t)‖ of any
solution remains constant in time, produces an interesting consequence: there always
exists a convergent subsequence µ(tk) → λ. Recall that µ(t)|k×g ≡ µ0|k×g for any bracket
flow solution, so we only need to keep ‖µ(t)|p×p‖2 = ‖µk‖2 + ‖µp‖2 constant. By using
that

‖c · µ|p×p‖2 = c4‖µk‖2 + c2‖µp‖2,
we obtain that ‖c · µ|p×p‖2 = 1 if and only if

(27) c2(t) :=
−‖µp‖2 +

√
‖µp‖4 + 4‖µk‖2

2‖µk‖2
, µk 6= 0,

and c(t) = ‖µp‖−1 for µk = 0. It is easy to prove that the corresponding normalizing
function r in equation (11) must be

r =
4 tr Ric M− 〈µk, µk(Ric ·, ·) + µk(·,Ric ·)〉

2‖µk‖2 + ‖µp‖2
.

An alternative way to guaranty the existence of a convergent subsequence is by taking

(28) c(t) :=
1

‖µk‖1/2 + ‖µp‖
,

as it follows that 0 < β ≤ ‖c · µ|p×p‖2 ≤ 2, where β = (1− α)2 + α4 ≈ 0.289 and α is the
real root of 2x3 + x− 1.

Once we obtain a convergent subsequence µ(tk)→ λ, we have that λ|p×p 6= 0 as soon as
µ0|p×p 6= 0, but we do not know if it is always the case that λ ∈ Hq,n. The only condition
in Definition 2.2 which may fail is (h2), that is, Kλ might not be closed in Gλ. This would
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yield a collapsing with bounded geometry under the Ricci flow to the lower dimensional
homogeneous space Gλ/Kλ (see [L12a, Section 6.5]). We also note that λ may belong to
Hq,n and nevertheless be flat (see the examples in Sections 4.3 and 4.4).

Recall that F (µ) = ‖µ‖ is scaling and
[
I 0
0 O(n)

]
-invariant, so that formula (25) applies

for the evolution of semi-algebraic solitons.

4.2. Scalar curvature normalization. If we start the Ricci flow at a Ricci soliton
(M, g), the solution g(t) is homothetic (i.e. isometric up to scaling) to g for each t where it
is defined. So, in the homogeneous case, normalizing by constant in time scalar curvature
yields a solution g(t) that is isometric to g for each t.

It is well known that the scalar curvature R = R(g(t)) of any Ricci flow solution g(t)
evolves by

∂

∂t
R = ∆(R) + 2‖Rc ‖2,

where ∆ is the Laplace operator of the Riemannian manifold (M, g(t)) (see e.g. [CK07,
Lemma 6.7]). As in the homogeneous case R is constant on M , we simply get

(29)
d

dt
R = 2‖Rc ‖2.

We refer to [L12b, Proposition 3.8, (vi)] for an alternative proof of this fact within the
homogeneous setting, as an application of Theorem 2.3.

Lemma 4.6. Let (M, g) be a Ricci soliton with constant scalar curvature (not necessarily
homogeneous), say with Rc(g) = cg + LXg and Ricci operator Ric(g) . Then,

cR(g) = tr Ric(g)2,

where R(g) = tr Ric(g) is the scalar curvature.

Proof. Let g(t) be the unnormalized Ricci flow starting at g. It follows from (17) and (29)
that

2(−2ct+ 1)−2 tr Ric(g)2 = 2 tr Ric(g(t))2 =
d

dt
R(g(t))

=
d

dt
(−2ct+ 1)−1R(g) = 2c(−2ct+ 1)−2R(g),

and so the lemma follows. �

By using that a homogeneous manifold is flat if and only if it is Ricci flat (see [AK75]),
we deduce from the above lemma that a homogeneous Ricci soliton (M, g) is flat as soon
as c = 0 or R(g) = 0. Furthermore, if (M, g) is nonflat, then c and R(g) are both nonzero
and have the same sign.

For the normalized bracket flow in this case, we have that the limit λ of any subsequence
µ(tk) → λ, as tk → ±∞, is automatically nonflat as R(λ) = R(µ0). Unfortunately, the
solution may diverge to infinity without any convergent subsequence. There are examples
of this behavior with R < 0 in [L12b, Sections 3.4 and 4], and to obtain examples with
R > 0 consider any product E × S of a compact Einstein homogeneous manifolds E and
a nonabelian flat solvable Lie group S.

Since F (µ) = R(µ) is scaling and isometry invariant, we can apply Proposition 4.5 and
(25) to study the evolution of semi-algebraic solitons under this normalization. In this
case, these results also follow more directly by using [L12b, Example 3.13] and Lemma
4.6.
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4.3. Example of a non semi-algebraic soliton evolution. Our aim in this section is
to study the bracket flow evolution of the homogeneous Ricci soliton which is not semi-
algebraic given in Example 3.9. We therefore fix an orthonormal basis {X1, Y1, Z1, X2, Y2, Z2}
of g and consider ν = νa,b,c ∈ H0,6 = L6 defined by

ν(X1, Y1) = aZ1, ν(X1, X2) = bY2, ν(X1, Y2) = −bX2, ν(X2, Y2) = cZ2.

It is easy to see that for any a, c 6= 0, the solvmanifold (Gν , 〈·, ·〉) is isometric to the nilsoli-
ton H3×H3, where H3 denotes the 3-dimensional Heisenberg group. By a straightforward
computation we obtain that the unnormalized bracket flow is equivalent to the ODE

a′ = −3
2a

3, b′ = −1
2a

2b, c′ = −3
2c

3,

from which follows that if a(0) = b(0) = c(0) = 1, then

a = b3, b(t) = (3t+ 1)−
1
6 , c = b3, t ∈ (−1

3 ,∞).

Thus ν(t) −→ 0 (flat), as t→∞, and ν(t) −→∞, as t→ −1
3 .

It follows from ‖ν‖2 = 2(a2 + 2b2 + c2) = 4b2(b4 + 1) that

a

‖ν‖
=

b2

2(b4 + 1)1/2
−→
t→∞

0,

(
−→
t→−1

3

1
2

)
,

b

‖ν‖
=

1

2(b4 + 1)1/2
−→
t→∞

1
2 ,

(
−→
t→−1

3

0

)
.

This implies that under the bracket norm normalization, ν
‖ν‖ −→ ν

0,
1
2 ,0

, as t → ∞, a

nonabelian flat solvmanifold, and backward, as t→ −1
3 , we have that ν

‖ν‖ −→ ν1
2 ,0,

1
2
, the

nilsoliton H3 ×H3 itself.
Concerning scalar curvature normalization, by using that R = R(ν) = −1

2(a2 + b2) =

−b6, we obtain

a

|R|1/2
≡ 1,

b

|R|1/2
=

1

b2
−→
t→∞

∞,
(
−→
t→−1

3

0

)
,

and therefore ν
|R|1/2 −→ ∞, as t → ∞. In the backward direction, as t → −1

3 , one has
ν

|R|1/2 −→ ν1,0,1, the nilsoliton H3 ×H3.

We note that all the limits obtained are non-isomorphic to the starting point ν0 = ν1,1,1,
and that ν(t) even diverges to infinity in one case. This is in clear contrast with the
evolution of semi-algebraic solitons described in (25).

4.4. Example of an algebraic soliton evolution with Dp * p. By Proposition 4.1, (i),
the fixed points of the normalized bracket flow are precisely algebraic solitons with Dp ⊆ p.
It is then natural to ask how an algebraic soliton with Dp * p evolves, and this is the
question we address in this section, by studying the bracket flow evolution of the algebraic
soliton given in Example 3.12 in the specific case where n = h3 is the 3-dimensional
Heisenberg Lie algebra. Fix a basis {Z,X1, X2, X3} of g and consider ν = νa,b,c ∈ H1,3

defined by {
ν(Z,X1) = X2, ν(X1, X2) = aX3 + bZ, ν(X3, X1) = cX2,
ν(Z,X2) = −X1 ν(X2, X3) = cX1,

where k = RZ and {X1, X2, X3} is an orthonormal basis of (p, 〈·, ·〉). For (a, b, c) =
(1,−1, 1) we get the nilsoliton H3 presented with the modified reductive decomposition,
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as in Example 3.12. The unnormalized bracket flow for νa,b,c is equivalent to the ODE

a′ = (−3
2a

2 + 2b+ 2ac)a, b′ = (−a2 + 2b+ 2ac)b, c′ = 1
2a

2c.

It is not difficult to see that if b 6= 0 then ac
b remains constant, and so starting at a(0) =

c(0) = 1, b(0) = −1 one easily solves the ODE and gets

a = c−3, b = −c−2, c(t) = (3t+ 1)
1
6 , t ∈ (−1

3 ,∞).

We obtain ν(t) −→∞ if we let either t→∞ or t→ −1
3 . This provides an explicit example

of the following unexpected behavior: a bracket flow solution which is immortal but not
due to uniform boundedness, as it goes to infinity.

Under the bracket norm normalization defined in (28), we see that

1
‖νk‖1/2+‖νp‖

· ν −→
t→∞

ν
0,0,

1
2
,

a flat metric on the solvable Lie group E(2), and backward,

1
‖νk‖1/2+‖νp‖

· ν −→
t→−1

3

ν 1√
2
,0,0
,

the nilsoliton H3 itself, though presented with reductive decomposition such that Dp ⊆ p.
This follows from a straightforward calculation, by using that ‖νp‖2 = 2a2 + 4c2, ‖νk‖2 =
2b2.

Regarding scalar curvature normalization, we have that R = R(ν) = −1
2a

2 = −1
2c
−6,

and then
a

|R|1/2
≡
√

2,
b

|R|
= −2c4,

c

|R|1/2
=
√

2c4.

This implies that 1
|R|1/2 · ν −→ ∞ as t → ∞, and backward, one has that as t → −1

3 ,
1

|R|1/2 · ν −→ ν√2,0,0, the same nilsoliton H3 obtained in the backward limit of the bracket

norm normalization.
As in the previous example, we obtain non-isomorphic limits and even divergence in

one case, in contrast with Proposition 4.4 and (25), thus showing the advantages of having
condition Dp ⊆ p.

5. A geometric characterization of algebraic solitons

Whereas the concept of Ricci soliton is a Riemannian invariant, that is, invariant under
isometry, the concept of semi-algebraic soliton is not, as it may depend on the presentation
of the homogeneous manifold (M, g) as a homogeneous space (G/K, g) (see Section 3).
Moreover, being an algebraic soliton may a priori not only depend on such presentation,
but also on the reductive decomposition g = k ⊕ p one is choosing for the homogeneous
space (see Definition 3.2).

The following property plays a key role in the study of the Ricci flow for homogeneous
manifolds (see [LW12]).

Definition 5.1. A homogeneous manifold (M, g) is said to be Ricci flow diagonal if
at some point p ∈ M there exists an orthonormal basis β of TpM such that the Ricci
flow solution g(t) starting at g is diagonal with respect to β for any t ∈ (T−, T+) (i.e.
gij(t)(p) = 0 for all i 6= j).

We note that the point p plays no role in this definition, as the condition holds either
for every point or for none. It is easy to see that the property of being Ricci flow diagonal
is invariant under isometry. Already in dimension 4, there is a left-invariant metric on a
nilpotent Lie group which is not Ricci flow diagonal (see [LW12, Example 5.7]).
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Let (M, g) be a homogeneous Ricci soliton, and consider any presentation (G/K, g〈·,·〉) of
(M, g) with reductive decomposition g = k⊕p. It is easy to check that if the unnormalized
Ricci flow solution to equation (10) is written as

〈·, ·〉t = 〈P (t)·, ·〉,
where P (t) is the corresponding smooth curve of positive definite operators of (p, 〈·, ·〉),
then the Ricci flow equation is equivalent to the following ODE for P :

(30)
d

dt
P = −2P Ric(〈·, ·〉t),

where Ric(〈·, ·〉t) := Ric(g(t))(o) : p −→ p is the Ricci operator at the origin. It follows
from the uniqueness of ODE solutions that the following conditions are equivalent:

• (M, g) is Ricci flow diagonal.
• There exists an orthonormal basis β of (p, 〈·, ·〉) such that the matrix [Ric(〈·, ·〉t)]β

is diagonal for all t ∈ (T−, T+).
• The family of symmetric operators {P (t) : t ∈ (T−, T+)} is commutative.

By Remark 4.3 and Proposition 4.4, (iii), any algebraic soliton is Ricci flow diagonal. We
now prove that this condition actually characterizes algebraic solitons among homogeneous
Ricci solitons. In particular, if any, a homogeneous Ricci soliton which is not isometric to
any algebraic soliton must be geometrically different from all known examples.

Theorem 5.2. A homogeneous Ricci soliton is Ricci flow diagonal if and only if it is
isometric to an algebraic soliton.

Proof. Let (M, g0) = (G/K, g0) be a homogeneous Ricci soliton presented as a semi-
algebraic soliton, with Ricci operator Ric(〈·, ·〉0) = cI +Dp−A, A = 1

2(Dp−Dt
p), 〈·, ·〉0 =

g0(eK). Fix a reductive decomposition g = k⊕ p such that D :=
[
0 0
0 Dp

]
∈ Der(g, µ0), and

any inner product on g that extends 〈·, ·〉0 and makes k ⊥ p. Therefore D is normal if and
only if Dp is so.

Assume that (G/K, g0) is Ricci flow diagonal, hence

[Ric(〈·, ·〉t),Ric(〈·, ·〉0)] = 0, ∀t ∈ (T−, T+),

By using that Ric(〈·, ·〉t) = (−2ct+ 1)−1es(t)Dp Ric(〈·, ·〉0)e−s(t)Dp (which follows from the
proof of Proposition 4.2), we can rewrite the previous formula as

[esDp Ric(〈·, ·〉0)e−sDp ,Ric(〈·, ·〉0)] = 0, ∀s ∈ (−ε, ε).
Now this implies that [[Dp,Ric(〈·, ·〉0)],Ric(〈·, ·〉0)] = 0, and so

0 = trDp[[Dp,Ric(〈·, ·〉0)],Ric(〈·, ·〉0)] = − tr [Dp,Ric(〈·, ·〉0)]2.
It follows that [Dp,Ric(〈·, ·〉0)] = 0 as it is skew-symmetric, or equivalently, [Dp, A] = 0,
and thus Dp is normal. Hence D is normal as well, and so Dt ∈ Der(g) since it is a
well-known fact that the transpose of a normal derivation of a metric Lie algebra is again
a derivation (see e.g. the proof of [L11, Lemma 4.7] or use that Aut(g) is an algebraic
group). Thus Ric(〈·, ·〉0)− cI = 1

2(D +Dt)p, with 1
2(D +Dt) ∈ Der(g), which shows that

the semi-algebraic soliton is actually algebraic, concluding the proof. �
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