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a b s t r a c t

We search for invariant solutions of the conformal Killing–Yano equation on Lie groups
equippedwith left invariant Riemannianmetrics, focusing on 2-forms.We show thatwhen
the Lie group is compact equipped with a bi-invariant metric or 2-step nilpotent, the only
invariant solutions occur on the 3-dimensional sphere or on a Heisenberg group. We clas-
sify the 3-dimensional Lie groups with left invariant metrics carrying invariant conformal
Killing–Yano 2-forms.
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1. Introduction

The concept of conformal Killing–Yano p-forms (also known in the literature as twistor forms or conformal Killing forms)
on Riemannian manifolds was introduced by Tachibana in [1] for p = 2 and later by Kashiwada in [2] for general p. Applica-
tions of these forms to theoretical physics were found related to quadratic first integrals of geodesic equations, symmetries
of field equations, conserved quantities and separation of variables, among others (see, for instance, [3–7]). More recently,
since the work of Moroianu, Semmelmann [8,9], a renewed interest in the subject arose among differential geometers (see,
for instance, [10–16]).

Next we give the basic definitions and recall some well known properties of conformal Killing–Yano p-forms.
A p-formω on an n-dimensional Riemannianmanifold (M, g) is called conformal Killing–Yano (CKY for short) if it satisfies

the following equation:

∇Xω =
1

p + 1
ιXdω −

1
n − p + 1

X∗
∧ d∗ω, X ∈ X(M) (1)

where ∇ is the Levi-Civita connection, X∗ is the 1-form dual to X and d∗
= (−1)n(p+1)+1

∗ d ∗ is the co-differential. If,
moreover, ω is co-closed, that is d∗ω = 0, then it is called Killing–Yano (see [17]).

For p = 1, a 1-form ω is conformal Killing–Yano if and only if its dual vector field U is conformal, that is, LUg = ϕg for
some ϕ ∈ C∞(M). A 1-form ω is Killing–Yano if and only if its dual vector field is Killing.

We list next some properties:

• Ifω is a CKY p-form onM , then ∗ω is a CKY (n−p)-form, where ∗ is the Hodge-star operator. In particular, ∗ interchanges
closed and co-closed CKY forms (see [18,9]).

∗ Corresponding author.
E-mail addresses: andrada@famaf.unc.edu.ar (A. Andrada), barberis@famaf.unc.edu.ar (M.L. Barberis), idotti@famaf.unc.edu.ar (I.G. Dotti).

http://dx.doi.org/10.1016/j.geomphys.2015.04.004
0393-0440/© 2015 Elsevier B.V. All rights reserved.

http://dx.doi.org/10.1016/j.geomphys.2015.04.004
http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2015.04.004&domain=pdf
mailto:andrada@famaf.unc.edu.ar
mailto:barberis@famaf.unc.edu.ar
mailto:idotti@famaf.unc.edu.ar
http://dx.doi.org/10.1016/j.geomphys.2015.04.004

	Invariant solutions to the conformal Killing--Yano equation on Lie groups
	Introduction


